ME 406
Using Eigenvector Methods
with Mathematica to Solve

Linear Autonomous Systems of
First Order Differential
Equations

m 1. Introduction

In thiz notebock, we use the methods of lmear algebra -- specifically eigenvector and eigenvalue analyais
- to zolve systems of lmear antonomous ordmary differemtial equations. Although the Mathematica routmes
DSclve and NDSolve could be used to attack these problems directly, we do not use them here. Our purpose 1= to
make clear the underlying linear algebra, and to use \dwthemaiica fo do all of the calculations. The canomical
problem under consideration 15 the followng:

X=AX+h, (1)

X0 =Xs , (2)
where A 13 a constant 7 x 7 mairx, b 1s 2 constant 7 x 1 vector, and X, | the imitial vector, 15 a given nx 1 vector.
The general approach to this problem 1z the following. We first find a particular solubon, which 13 defined

to be anv solution of equation (1). We call the paricular solufion X, . The general soluhon X, of the equaton 13
then

X=X X, (3)
where X, 15 the most general zolution of the homopeneous equation:

X. =AX, . )

The homogenous equation (4) has » linearly independent solutions. We call them X" X%, . X%,
The most general X, 15 a linear combination of thezse. To solve the inihal-value problem, we fu-n:ﬂ the genera]
solubion X, mn terms of »constants @y, @, . . ., s

X=X +a X" +a X"+ +g X" (5)

We now mmpose the mtial condition (2) on the solution (3). This gives the followimmg zet of linear equahions to
zolve for the coefficients a;

g, X" +a, X%+ +a,X7=X, -X, atr=0. (6)

The linear independence of the vectors X' guarantees that the matrix in the above equations iz nonsingular and
hence the soluticn for the coefficients a; 13 umque.
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The rest of this notebook provides the details m camrving thiz out, and shows how to use Maxthematica to
advantage at each step. We wall begin with a bnef review of matnx mampulations m Mathematica. Then we wall
consider the problem of finding the particular solubion. After that, we wall solve the homopeneous equation, m the
following sequence of case: of mcreasmg difficulty: distinct real eigenvalues; distinct complex eigenvalues;
repeated eigenvalues. Detailed examples will be done at each step.

m 2. Basic Matrix Manipulations in Mathematica

In Mathematica, a matrix 13 a list of hists. Each component list 1z a row of the matnix. Az an example, we
define a matrix named A for Mathemurtica, and then use MatnxForm to print it out m traditional form

A={{1, -2, 3}, {-2, -1, 4}, {3, 4, 5})}:

MatrixForm [A]
Frl -2 3y
| 2 -1 a4}
ls 4 5]

One way to find out whether A 1z singular 15 to compute the determunant

Det [A]
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Because the determninant 1z not zero, A 13 not singular, and thus has an mverse.

B = Inverse [A]

r 21 11 14 711 1 1, L% 1}}

Wgor "0 Tef" "0 20" i 1

We check the mverze by forming the product of A and the mverse of A The product should be the identity
matrix. Matnx products are indicated by a penod.

A.B

fi{1, o, 0}, {Q, 1, O}, {0, D, 1}]

B.A
({1, o, 0}, {0, 1, O}, {0, O, 1}}

We can use thiz inverse to solve a set of linear algebraic equations in which A iz the coefficient mainx
Consider the equations

x-ly+3iz=1,

2xyHz=0, 7
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sx -y +3z=-1.
The coefficient matnx 15 the matnix A and the nght-hand sde 1z the vector

b={1, 0, -1}:
We can uze the mverse we have already calculated to selve these equations. We call the solution sol.

so0l =B.b

(5. -50)
We check ths:

A.20l -Db

o, 0, 0}

An altemative method of solution 1z to use Morhemarica's LinearSolve.

2012 = LinearSolve [A, D]

. -
155U
We get the same result.

In the above calculahions, all the elements of A were integers, so Mathematica did an exact caleulation. If

one of more elements of A are written as real numbers, \fathemarica will do a2 numernical rather than exact calcula-
tiom_

Amod = {'[1': _E.r 3}r '[_E.r _1.r '4]'r '[3r 4.- 5]‘]':
Inmverse [Amod]

{{0.2625, -0.275, 0.0625},
{-0.275, 0.05, 0.125}, {0.0625, 0.125, D.0625}}

For the present calculations, it doesn't matter much which way we do them. For larper matnices and more
difficult calculabions, such as eigenanalysis, 1t 15 crucial to do the caleulabons mumencally. We shall see an
example of thiz shortly.

The determination of eipenvalues and eipenvectors 1z the cenfral linear algebra calculafion for sclving
systems of first-order linear autonomons differential equations. Given a square matmx A, we say that a non-zero
vector ¢ 13 an eigenvector of A with eigenvalue A if Ac = Ae. Mathematica has a lot of bwlt-in power to find
eigenvectors and elgenvalues. We go back to our matrix A and use Morhematica to find its elgenvalue.



