2/19/2002, LINEAR TRANSFORMATIONS (I1I) Math 21b, O. Knill

HOMEWORK: 2.4: 4,14 26* 28 40,48

MATRIX PRODUCT. If B 13 a m x n matrix and 4 15 a n x p matrx, then BA 15 a m » p matnx with entries
(BA)yy =3¢ , Budy.

EXAMPLE. T Bi1sad=d matnx, and A 15 a4 x 2 matrix then A4 1543 x 2 matnx.
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COMPOSING LINEAR TRANSFORMATIONS. IFS : R™ — R"z — Arand T : R™ — RF,z — Br
are linear tramsformations, then ther compeosition T o 8§ 15 a inear transformation from BR™ to RF. The
cormesponding matrx s the matnx product BA.

EXAMPLE. Find the matrix which 15 a composition of a rotation around the r-axes by =/2 followed by a
rotation around the y-axes by —= /2.

SOLUTION. The first transformation has the property that ey — e1,e2 — —e3, 63 — ez, the secomd ¢y —
—ez, 63 — ¢1,ez — e3. I A 13 the matnx belonging to the first tramsformation and B the second, then B A 1
the ma.tm I.u I.he numpumtn:rn

o 0 1
= BA=1 =1 0 0 }. The composition maps ey — —g — €3 — £
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EXAMPLE. A rotation dilation 15 the composition of a rotation by « = arctan(b/a) and a scale by r = va® + B

WHY? Matnx multpheation = & generalisation of usual multipheation of mumbers or the dot product.

PROPERTIES. Note that AR # BA n general! Otherwise, the same miles apply as for numbers: A(BC) =
(ABYC, AA "' =ATA=1,,(AB) "=RB"A" A(B4+C)=AB+ AC, (B+C)A=BA +CA atc.

PARTITIONED MATRICES. The entnies of matnees can themselves be matrices. If B 15 a m = n matnx and
A B anxpmatnx, and assume the entries are k£ x b matnees, then B4 15 a m = p matrix where each entry

(BA)y =3¢ | BuAyy i5a kxk matrix. Partitioning matrices can improve matrix multiphication (i.e. Strassen
algorithm).

EXAMPLE. If A — | 40 j” I where Ay are k x k matrices with the property that Ay and Az ae
Am x3
-1 __ a1 —1
invertible, then B — [ A A Ay ] s e Bl AL
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FRACTALS. Closely related to hinear maps are affine maps r — Ar + b They are compositions of a
linear map with a translation. It 13 not a linear map if B(0) £ 0. Affine maps can be dispused as hin-

T | and the (n+1)+(n+1) and 2 = ‘ ‘E‘ El' ‘ e iy — ‘ ““1”'
Fractals can be constructed by taking for example 3 affine maps [, g, b which contract area. For a given ohject
¥y define ¥y = f(¥a) wa(¥o) L h(Ys) and recursively ¥y = fYe_ ) Ua(Ye ) U R(¥e ). Above you see ¥y, after

sorme iterations. In the hmit, ¥, becomes a fractal, an object with nomnteger dimension.

ear maps in the followinge way: let v =

( — —
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CHADS. Consider & map in the plans like T - I o= e
again, we look at points [z, ) = T(=x,n), -[:r:,y-;-} = T(T(z,y)), ete. One writes T for the n-th iteration of
the map and (g, vy, for the mmapge of (=, v) under the map T™. The hnear approximation of the map at &

point (,y) 1 the matrx DT {r y) = ‘ 2+EUET{T] -1 _({IET : — ;E:::;II

DTz, y) are just the gradients of f and g). T = called chaotic at (x, y), if the entnes of D{T™)(z, v) grow
exponentially fast with n. By the chain rule, INT™) & the product of matnees DT {x;, 4). For example, T' =
chactic at ({0, (0). If there 15 a positive probabality to hit a chaotic point, then T & called chaotic.

—H ‘ We apply this map again and

, then the row vectors of

' FALSE COLORS. Amny color can be represented as a vector (r, g, b), where v € |, 1] 15 the red g € |0, 1] = the
preen amnd b e |, 1] is the blue component. Changing colors in a pieture means applying a transformation on the
eabe. Lot T - (v, g,b) — (g.b,r) and § : (r,g,b) — (r, g,0). What s the composition of these two linear maps?

OPTICS. Matnoes help to caleulate the motion of hght rays throuph lenses. A

light ray y{s) = ¥ + ma in the plane i desenbed by a veetor (2, m). Following ' \
the hight ray over a distance of lenght I corresponds to the map (x,m) —

{r+ mlL m). In the lense, the ray 15 bent depending on the heaght =, The !
transformation in the lense s (2, m) — (z,m — krx).
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Examples:

1) Eye of length I looking far: Ay, 2) Eye of length R looking at distance L: ApBid,. 3) Telescope:
By, Ap By, -




