(5229 Lecture notes

Andrew Ng

Mixtures of (Gaussians and the EM algorithm

In this set of notes, we disenss the EM ( Expectation-Maximization) for den-
g1ty estimation.

Suppose that we are given a training set {z ™} as usnal. Since
we are in the unsupervised learming setting, these pomnts do not come with
any labaels.

We wish to mode] the data by specifying a joint distribution ﬁ[-]'“], 2['-:'} =
p(z'"| 2" )p(2"). Here, 2 ~ Multinomial{¢) (where ¢; = 0, E: e — 1,
and the parameter ¢; gives p(zl) = 7)), and 20|24 = 5 ~ N(p;, ;). We
let k denote the number of values that the s ecan take on. Thus, our
model posits that cach %9 was generated by randomly choosing 2% from

I1,...,k}, and then ') was drawn from one of k Ganssians depending on
24 This is called the mixture of Gaussians model. Also, note that the
24ig qre latent random variables, meaning that they're hidden funobserved.
Thiz 15 what will make our estimation problem difficult.

The parameters of our model are thus ¢, p and 3. To estimate them, we

can write down the hikelihood of our data;

E, . %) = Y logp(z®; ¢, p, X)
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However, if we set to wero the denvatives of this forrmula with respect to
the parameters and try to solve, we'll find that it 13 not possible to find the
maximum likelihood estimates of the parameters in closed form. (Try this
yoursell at home. )

The random variables 2% indicate which of the & Caunssians each )
had come from. Note that if we knew what the 2''s were, the maximum



likelihood problem wonld have been easy. Spectfically, we conld then write
down the hkelihood as

(b, p, %) =¥ log p(x9[2; p, ) + log p(219; ).
i |
Maximizing this with respect to ¢, p and ¥ gives the parameters:
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Indeed, we see that if the 2™s were known, then maximum likelihood
rstimation becomes nearly identical to what we had when estimating the
parameters of the Ganssian discnminant analysis model, except that here
the 205 playing the role of the class labels.!

However, in our density estimation problem, the zU9s are not known.
What can we do?

The EM alpornithm 3 an iterative alporithm that has two mam stops.
Applied to our problem, in the E-step, it tries to “gmess” the values of the
2 In the M-step, it updates the parameters of our model based on our
messes. Sinee i the M-step we are pretending that the puesses i the first
part wore correct, the masxamizsation becomes easy. Here's the alponthm:

Repeat until convergence: {

(E-step) For each i, 7, set

) (0 — 51013

"There are other minor differences in the formulas here from what we'd obtained in
P31 with Gawsian discriminant analysis, first becanse we've peneralized the 2% to be

multinomial rather than Bernoulh, and second becanse here we are wing a different ¥
for each Ganesaan.




(M-step) Update the parameters:
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In the E-step, we caleulate the posternior probability of our parameters
the =Y s_ given the % and using the current setting of our parameters. Le.
using Bayes rule, we obtain:
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Here, p(z'|z® = j: p, X)) is given by evaluating the density of a Gaussian
with mean pg; and covariance ¥; at #'%; p(2™ = 7, 4) is given by ¢;, and so

on.  The values -wj[-"]' calenlated in the E-step represent our “soft” puesses® for

the values of 29
Also, you should contrast the updates mm the M-step with the formulas we
had when the 2¥s were known exactly. They are identical, except that in-
stead of the indicator functions “1{z'" = j}" indicating from which Ganssian
(21>

each datapoint had come, we now instead have the w; s

The EM-alpornithm 15 also reminiscent of the K-means clustering algo-
rithm, except that mstead of the “hard” cluster assignments e(i), we instead
have: the “soft” assgnments tr.rj[i"]'. Similar to K-means, it 15 also snsceptible
to local optima, so remitializing at several different imitial parameters may
be a pood dea.

It's clear that the EM alporithm has a very natural imterpretation of
repeatedly trying to guess the unknown 2'"s; but how did it come about,
and can we make any smarantees about 1t such as regarding 1ts convergence?
In the next set of notes, we will deseribe a more general view of EM, one

*The term *soft” refers to our guesses being probabilities and taking values in |0, 1]; in
contrast, a “hard” guess 18 one that represents a single best puess (such as taking valoes
m {0,1} or {1,... k}).




