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Part IV
(Generative Learning algorithms

S0 far, we've mainly been talking about leaming algorithms that model
ply|r: @), the conditional distribution of y given r. For instance, logistic
regression modeled py|x; ) as by(r) = g(0"r) where g i the sigmoid func-
tion. In these notes, we'll talk abont a different type of leaming alporithm.

Consider a classification problem i which we want to learn to distingnsh
between clephants (y = 1) and dogs (y = 0), based on some features of
an ammal. Given a trammng sct, an algponthm hke losmstic regression or
the perceptron algorithm (basically) tries to find a strajght line—that is, a
decision bonndary— that separates the elephants and dogs. Then, to classify
a new amimal as cither an elephant or a dog, 1t checks on which side of the
decision bonundary it falls, and makes 1ts prediction accordingly.

Here's a different approach. First, looking at clephants, we can bald a
model of what clephants look hike. Then, looking at dogs, we can bmld a
separate model of what dogs look like. Finally, to classfy a new ammal, we
can match the new animal against the clephant model, and match it agsainst
the dog model, to see whether the new amimal looks more ke the elephants
or more like the doss we had seen in the traming set.

Algorithms that try to learn p{y|r) directly (such as logistic regression)),
or algorithms that try to learn mappings directly from the space of inpats X
to the labels {0, 1}, (such as the perceptron algorithm) are called discrim-
inative learming algorithms. Here, we'll talk about alponthms that instead
try to model p(r|ly) (and p(y)). These algorithms are called generative
learming alrorithms.  For imstanee, if ¥ indicates whether an example 8 a
dog (0} or an clephant (1), then p{xjy = 0) models the distribution of dogs’
features, and p(r|y = 1) models the distribution of elephants’ features,

After modeling p(y) (called the class priors) and p{r|y), our algorithm



can then use Bayes mile to dernive the postenior distribution on g gpiven =
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Here, the denominator is given by p(r) = plx|ly = )ply = 1) + plx|ly =
Dpiy = 0) {you should be able to venify that this 15 trae from the standard
properties of probabilities), and thus can also be expressed i terms of the
quantitics p(r|y) and ply) that we've learned. Actually, if were caleulating
p(y|r) in order to make a prediction, then we don't actually need to caleulate
the denominator, sinee

argmax ply|r) = argmax plx|u)p(y)
v

v plr)

= argmax plz|y)p(y).

1 Gaussian discriminant analysis

The first generative learning algorithm that we'll look at 15 Ganssian discrim-
inant analysis (GDA). In this model, we'll assume that p(x|y) is distributed
according to a multivanate normal distribution. Let’s talk briefly about the
propertics of multivanate normal distnbations before moving on to the GDA
model 1tself.

1.1 The multivariate normal distribution

The multivarate normal distnibution in n-dimensions, also called the mult-
varnate Ganssian distribution, 153 parameterized by a mean vector g € R®
and a covariance matrix » € B"*", where ¥ 2> () 18 symmetric and positive
semmi-definite. Also written “A(u, X)7, its density is given by:
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In the equation above, “|XE[" denotes the determinant of the matrix X,
For a random variable X distributed N{g, ¥), the mean is (unsurpris-

ngly) given by pe
E[X] = frj:r[:r.'; g X)dr = p

The covariance of a vector-valued random variable  is defined as Cov(%) =
E[(# — E[Z])(# — E[#])"]. This generalizes the notion of the variance of a



real-valued random vanable. The covarianee can also be defined as Cov () =
E[ZZT| —(E[Z]){E[Z])T. (You should be able to prove to yoursclf that these

two defimtions are equivalent.) If X ~ A (g, ¥), then
Cov(X) =%.

Here're some examples of what the density of a Ganssian distnibution
looks like:
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The left-most figure shows a Ganssian with mean zero (that 1s, the 2x1
zero-vector) and covanance matrnx ¥ = [ (the 2x2 identity matnix). A Gauns-
sian with zero mean and dentity covariance 15 also called the standard nor-
mal distribution. The muddle ficure shows the densty of 2 Ganssian with
woro mean and ¥ = 0.64; and in the nghtmost figpure shows one with |, ¥ = 21
We see that as ¥ becomes larger, the Gaussian becomes more “spread-out,”
and as 1t becomes smaller, the distribution becomes more “compressed "

Let's ook at some more examples.

The fipures above show Ganssmans with mean (0, and with covanance
matrices respectively
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The leftmost fipure shows the familiar standard normal distnibution, and we
soe that as we increase the off-diagonal entry 1n X, the density becomes more
“compressed” towards the 45° ine (given by ry = 7). We can see this more
clearly when we look at the contours of the same throe densities:



