Physics 5013
Mathematical Methods of Physics
First Examination
October 10, 2001

Mmetructions: Work all problems and show all your steps. If you have any
questions, ask the instructor. The points carried by each parl are indicafed;
do not spend undue fime on any one problem. Remember, this is a closed-book
eramination, so you may not consulf books or notes. Good Luck!

Mote: Unless otherwise specified, all varniables are complex.

1. This problem explores cortain properties of the exponential fanetion,
and of 1ts mverse, the loganthm.

[5] (a) The exponential function is defined by the power series
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Use the root test to determine the radins of convergence of this
sories. For what complex values of r does & possess sinpulanties?

[10] (b) Using the power-series definition of the exponential function, es-
tablish the conditions under which

e — Tl

[5] (¢) Let o be the smallest positive number for which
e =1

Show then that the exponential lunction = penodic with perod
2,

x| 2rin __ I!"'I

e 1 oan integer.



[5] (d) Evaluate the derivative of e,

0] (e) If x = e¥, define the inverse function, the loganthm, by y = In.
Is the loganthm single-valned? If not, give all the values of Inx
for a miven . What 15 In17

I5] (f) Evaluate the denvative of the loganthm,

i Inr

[10] (g) Compute all the dervatives of In(1 + ), in particular, give a
closed-form expression for
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[10] (h) Thus determine the power series expansion of In(1 + x) for small
. What 15 the radius of convergence of this series? Why?
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where (15 a cirenlar contour which 15 contered on the orngn, encircling

1t once I a counterclockwise sense, and o 15 4 complex immber. Evalu-
ate the mtegral explicitly for all values of . From the result, what can
you say about the values of o for which 2® 13 analytic? In particunlar,

what can yon say about the case when o 15 a negative integer?

120] 2. Consider the integral



3. In this problem you may use Canchy’s theorem to evalnate the intesrals.

[10] (a)

[10] (b)

Consider the integral
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where (g 15 a circle about the onmn with radins less than 2w,
encirching the orgin once i a positive sense. What 18 the value of

this mtegral?
Now consider the integral
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where O, 15 a positively-oriented circle about the ongin with radius
pin the mterval 2mn < p < 2a{n + 1). Does this integral have a
dhfferent valne? Why? If it 15 different, evaluate it



