1 Problems with the Schwarzschild Metric

The spaceiime ouizide of a8 nom-roieiing siar (or planet or whatever) of 1otal
maad iz deseribed by the metric 1emaor
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This meiric solvea ihe vacuum Einsiein eguaticns and, secording io Birkhoffs
Theorem, iz the only spherieally s ymmeiric meirie 1hat does. It obwicusly has a
problem ai r = 2 One metrie coefficient blowse up while anoiher goes 10 ZeTn.

Consider a eloek 1hai i3 helding ita posiiion ai & consiant velue of the radial

epordineie. If il does 1his for an interval Af of coordinate time, 1hen the 1ime
elapied on 1he elock will be
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For r near 2m very litile proper t1ime will elapse on the cloek even though a
gresi deal of coordineie 1ime elapses. This resuli tells w2 1hei the { = comnsiam

byperaurfaces are failing io sadvance in iime near r= 2m

During the early days of general relaimvity the problem with 1the Schwrarz-
gehild seluiion was regarded moatly 83 a8 euriosiy of litile consequence heeaiue,
for normal saironomical objeets aueh a: the sun and ihe earih, ihs eritical value
of the radius s exiremely small For am objeet with 1he mass of the earth, 1he
erifieal radiug i3 sbeuwi & cemiimeisr. For ihe sun It i3 8 kKilometer. The meiric
intide an ordinary siar i3 ool ghven by the Selwarzehild vacsuum solution and
iz gquite regulsr everywhere. For the exisrnsl vecuum specetims 1o extend to
ihe eritical radiuvg, 1he sun would have 10 be compreszed 1o 8 radim of a kile-
meter. Umil 1939, (Oppenheimer and Volko® Oppenheimer and Snyder) no
astrophyaieist seriously belisved thai a mass equal 10 1hat of 1he saun ¢ould be
cempresied imio an object only a kKilomeier in radius. Net oo many belisved It
afier 1haet eliher.

From = mathemaiical poimi of view, the cocrdinaie-independent nature of
apaceiime geormeiry wad noi well undersicod during the esrly daya, so it was
goms 1ime before semecne eonsidered 1he possibility 1hat the » = 2w singulariiy
wat simply the reauk of bad ccordinaies. One indieation 1hai this might be 1he
case is 1hat none of 1he sealar curvaiure invariania such aa K H, < H_*# and
imyeriant raties of lighilike componenis of curvaiures become infinie sir =2Im

2 The Kruskal Extension

2.1 Orthogonal Surface Metric

Onee 11 i3 realized 1hat the » = 2w singularity i3 really just 8 problem with 1he
eeordinsies, It is fairly essy 1o fic. The angle coordinsies 8, o are ficed by 1he



apherical symmeiry group, 0 nothing could be wrong with them Thet leaves
ihe eoordinates r, £ and 1he meirie
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on the timelike two-aurface: orihogonsal to 1he group orbita. We need io find
new coordinsies in whith 1hizs metrie leocks more regular.

An obviecw: geomeirical fesiure of 1hiz wro dimemional meirie i the lighs
cene. On any auch surfsce, it i3 alweys postible 1o find coordineties T V auch
ihat curves 8t constami L7 are lighiliks and zo are curves 8i consiani V. For
example in two dimemionsl Minkow:ki spacetime, one caniake U=1t4r, V=
t—r and obigin the meiric in ihe form 'ds® = —dUAV.
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In general :o long 83 ihe meirie iake: 1he form
Tda? = —FdUdV

ihen an interval with either AU =0 ¢r AT = 0 will be lightlike. Thus, we seek
epordinsies L7 7 aueh thei
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for sproe funciion &. Once we find such eoordingies, we can consirued space and
iimne coordinates u= U — ¥, v= U + T inwhich the light cones look exaeily

liks 1he ones in DMinkowski apaceiime. If there i3 any ccordinsie syvaiem inwhich
ihiz meirie 1emaer it regular, then 1his has ic be 1he one.

2.2 Conditions on Advanced and Retarded Time Coordi-
nates

Eepreaem pariial derbreiives with respeet 1o £ r by aubaeripis so that
a7 = U + Updd, dV = Vodr + Tt
and iherefore

—faf® + Flart = — 8 (Udr + Uedt) (Vidr + Todt)
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Direide all of 1hese equation: by U1, and obiain the resuke
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which can be sohred for 1he two ratio: in ihe form
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Thua, if the coordinsies exisi, then they muai sgiisfy 1hese iwo conditions. Con-
verasly, the argumeni ¢an be reversed to show 1hat selving 1hese two conditionas
iz ensugh 1o pul 1he spacetime metric imio 1he desired form where the conformal
Iscior & can be found from the equation L5V = f.

In more expliell form the conditions 1o be sobred are
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2.3 Solving the Conditions: Tortoise Coordinate

T aee whet 10 do nexi, recall whet these conditions would look like for null
coordinsies in Minkowiki spaced ime:
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which weuld yield 1he resuli thei U7 depend: only ent4+-r and 7 depends only
ont—r. To get the conditions ino 1his form we need 8 new radisl coordinaie
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From ihe ¢hain rule for pariisl dermvaiibves,
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which can be re-writien a8z folloers
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