CS 310 (sec 20) - Spring 2005 - Midterm Exam (solutions)
SOLUTIONS

1. (Logic)

(1) Show that —(p ++ q) and (—p) «+ ¢ are logically equivalent.

(2) Determine the truth value of cach of these statements if the universe
of discourse of cach variable consists of all integoers.

(a)Vn(r* =0) (b)3In(r*=2) (c)Vr(r*>=n) (d)3Inr*<0)

(3) Determine the truth value of cach of these statements if the universe
of discourse of cach variable consists of all real numbers.

(a) Iz(z2=2) (b)Iz(z®2=-1) (c)Vz(z*+2>1) (d)Vz(z®#£ 1)
Solution:

(1) Using a truth table:
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They have the same truth values

(2) (a) TRUE (n® is always in fact non-negative).
(b) FALSE (/2 is not an integer.)

(¢) TRUE (it can be false only for ) < n < 1, but there are no integers
between 0 and 1))

(d) FALSE (it is the negation of (a)).

(3) (a) TRUE (/2 is a rcal numher.)

(b) FALSE (i = +/—1 is not real.)

(¢) TRUE (since z* = ().

(d) FALSE (counterexamples: £ =0 and x = 1.)



2. (Sets)

I. Let A; = {1,2,3,...,i} fori=1,2,3,.... Find
(a) Lanl.; (b) ﬁﬂ{
i=1 i=1
2. Let A;=1{...,-2,-1,0,1,2,3,...,i} fori=1,2,3,.... Find
(a) LnJﬂ.; (b) ﬁﬂf
i=1 i=1

3. Let A; be the set of all nonempty bit strings (that is, bit strings over
{0,1} of length at least one) of length not exceeding 4. Find

n

(a) | Jas (b) _ﬂﬂf

=1

Solution:

1. (a) | JAi=A.={1,2,3,...,n}

(b) ﬂﬂi=ﬂ| = {1}

2. (a) | Ja=A.={...,-2,-1,0,1,2,3,...,n)

(b) (A=A ={..,~-2,-1,0,1}

3. (a) | JAi=An={se€{0,1}"|1<|s| <n}



3. (Relations) For cach of the following relations defined on the set of positive
integers £1, determine which ones are partial orders, and which onces arc

equivalence relations (some may be both or none).

(a) zRy = <y.

(b) TRy < = < y.

(¢) zRy = x £ .

(d) Ry < for every prime number p, if p divides z then p divides y.

(e) Ry < for every prime number p, p divides z if and only if p divides y.

(f

)
)
)
)

TRy & z=1.

Solution:

(f)

Partial order.
None (it is not reflexive).
Partial order (it is the same as = > y.)

None. It is not an order relation because it is not antisymmetric (c.g.,
2R4 and 4R 2, but 2 # 4.) It is not an equivalence relation becanse
it is not symmetric (e.g. 2R 6, but 6 is not related to 2.)

Equivalence—sz and y are related precisely when they are divided by
the same set of primes. It is not a partial order because it 15 not
antisymmetric (e.g., 12R18 and 18R 12, because both are divided
preciselly by the primes 2 and 3, but 12 #£ 18.)

Both, it is an equivalence relation (obviously), and it is also a partial
order relation. Note that it verifics the antisymmetric property, be-
cause T Ry and y Rz means x = y and y = x, which in fact implics
T = 1.



