Suggested Solutions to Midterm Exam
Econ 511b (Part I), Spring 2004

1. Consider a compeiiiive equilibrium neoclassical growih model populatied by
identical consumers whose preferences over consumption streams are given
by 32, 5u(e). Consumers do not value leisure and are endowed with &
units of capital in period | and with one unit of labor in every period.
Consumers rent the services of capital and labor in competitive markets
to profit-maximizing firms with identical constantreturns-to-scale produc-
tion functions. Capital depreciates fully in one period. The government,
which balances its budget in every period, taxes capital income at a (time-
invariant) proportional rate 7 and returns the proceeds to consumers in the
form of a lump-sum subsidy to income.

(a) Carefully define a recurzive competitive equilibrium for this economy.

A recursive competiiive equilibrium for ithe economy with capital income taxation
15 & set of funcilons:

price funciorn @ T fE , W {Fﬁ
policy function : k = g(k,k)
value funeion :@ v {.ﬁ:ﬁ]
Toarafion Tﬁ:l
transition funcion E = = I[FI

such that:
(1) Gven r [FI , W @1 K=g Lkm and v I::F[!m sobves consumer’s problem:

vk k) = maxu(e)+ v (E;EJ

B i

5 L.
c+k =(1—7)r (k) k+w(k) +T (k)
o

(2) Price is competitively determined:

'® - BEY
w@® = B
(3) Government balances its budget
T (k)= (k)k
(4) Consistency:
6 ()= o (E.F)



(b} Show that the competitive equilibrium allocation for this economy is
identical to the allocation chosen by a social planner whose preferences

J-I.'t o~
over consumption streams are given by > 7 5 u(a), where J is a “dis-
torted” discount rate that differs from the discount rate of a typical
consumer. Express the distorted discount rate in terms of ~ and 3.

We can sobve for F.O.C. as

o (¢) = vy (H;E)

Emelope condition gives us

v (k) = o (e) (1 —7)r (k)
Therefore, we get the Euler equation as
£ (e)=3(1—1)dd (d)r [::T:':]
= tﬂ'({l—?}:r (%) k+w (k) + T (k) —T;)
= 8- (t-m)r (E’}H +w[ﬁ’) +I(E') -F)r {E’)
After plug into price (r (k) ,w (k)), taxation (T (k)), and equilibrium condition
(k=T), it becomes
((1-7REDE+AED+ R EDE-F )
= 51-d (1-7nE(F,1)%+F (F,1) +A (7, 1)1—' —I{’) F (3;1}
= o (F (k1) —E’) = 31— (F (%, 131 -%) R (F 1)

Compare this ie ihe Euler equation for ceniral planning problem

" (F (%,1) —Tc’) — B (F (E’, 1} —Tv.-”:] F (E’_, 1:|

We have _
= 8(1—17)

Therefore, ihe compeirimve equilibrinm allocation for ihiz economy is 1dentical
to ithe allocation chosen by a social planner whose preferences over consumpilon

streams are piven by 3 = Bu (&), where 5= 3(1—7).

(¢} Does the result from part (b) continue to hold if consumers value leisure
and the government taxes both labor income and capital income at a
proportional rate 77 Explain why or why not.

We stari from defining an equlibrium wiih valued leisure.



A recursive compeinive equilibrium for the economy with valued leisure 15 a sei
of funciions:

vrice funclion : r {E} W {E}
poliey funefion : k = gu (k,k), 1= g (k)
value funcion : v [ﬁ:,ﬁ]
Taration T{E}I
transition funchion EI = (= m}

such that:

(1) Givenr {E} W f_ﬁ}, k= gy {E:E} N= g [ﬁ:,ﬁ] and v {E,E:l solves consumer’s
problem:

vk k) = {IELEFEEE}EI::E;].—?].:I-I-EE (k.i_;:r}
5.t
ct+k=(1-7)r & k+w(k)n)+T(k)
=6k

(2} Price is compeiitively determined:

r(k) = F(kg (kE)
v(®) = F (e (EF)

(3) Government balances its budget
T =T{F®E+tﬂk&l},§]]
(4) Consistency:
G (k) = g (%, %)
Solve for this, we can get the F.O.C_ a3
K} @ wlel-n)=3(1—7u(d,1—n)r (:T:’:]
fn} @ w(e,l—n)(l—7)w(k)=1u{e,1—n)

After plug into ¢, price {r (k) ,w (k)), taxation (T (k)), and equilibrium condition
(k=k), the F.O.C. becomes

Ky m(Fi:E,n}—F,l—n}=3{l—T}u1 (F(;‘c’;ﬁ)—ﬁ”il—ﬁjﬁ [E’e.nr}
{n} @ (1—7)w [:F[E,ﬂ-}—j_ﬂril—ﬂ) Fy(k,n) = u [:FG,R}—E;].—?!.:]



