MATH 315-02 Review for Midterm Exam / March 2002 y

Ist Order Linear Equations

& Lincar equations
The standard form of a firet order linear equation is 4" + p(t)y = gi(t). Use the infegrafing factor
plt) = e FPEHE 4o fransform the ODE into the form (uy)’ = pi(t)g(t). This has general solution

= T el t)g(t) dt + ¢

pi(t)

¢ Separable equations

A firet order OODE is separable if it can be put into the form M (x)de + N (y)dy = 0. Then the (DB
can be solved implicitly by integration: [ M(z)dz + [ N{y) dy = 0.

¢« Some theory for lst order equations

Theorem. If p and g are continuous on the inferval a < ¢ < b and tp is inside this interval, then
for every real number gy, the IVFP

v +p(thy = q(t), u(te) =m0
has a unigue solufion valid on the nterval

Theorem. If f and f, are confinuous on a rectangle a <t < b, ¢ < y < d and the point (ty, ) is
ingide the rectangle, then the VP

¥ = fit.u), wlta) = v
has a unigue solufion valid on some mferval fp — ke < < fp + k.

« Exact equations

An equation in the form M(x, y)dr+N(z, y)dy = 0is exact if My, = N.. Then find a function ¥(x, y)
such that W, = M and ¥, = N. For example, you could set Wiz, y) = [ M(z,¥)dz + h{y). Then
set Wy = 4 ([ M(z,y)dz) + A'(y) = N and solve for hiy). Since L9 = M(z,y) + N(z.¥)y' =10,
the general solution is W{x, y) = €.

« NMumerical approximation: Euler's method

Given an IVP ' = f{f, %), y(tg) = tp. approximate the solution at § = a via Euler’s methodd:
With step size h = (a — &) /n, compute:

te = to + hik, Y = te—1 + Rf(te_1,3m_1), k=12 ... n
Then #,, is an approximation of y{a).

IThanks to Prof. David Boyd for providing his review notes on which this document is hased.
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Z2nid Order Linecar Equations
A differential equation is second order and lEnear if it can be put into the form
Pty + Q(t)y" + Hithy = G(1).
A pecond order OODE is in standard form if it has the form
v + p(t)y + q(t)y = glt).

The equation is called homogeneons if gt) = 0. Otherwise, the equation is non-homogeneows.
Theorem. (fiven an [VF

¥ +p(thy’ +althy = alt)

yita) = wo.  o'(ta) = e
if p, g and g are continuons on an open interval | confaining tp, then the [V has a unigque solufion
which is valid on 1.
« Homogencous Equations

If 41 amd y2 are solutiona to a homogeneous equation ¥ + p{f)y" + g(t)y = 0, then any fuonetion of
the form y = ey + ey i8 also a solution where ¢ and ¢ are any constants.

We call {1y, 42} a fundomental sef of solutions if every solution to the IV
¥ +p(thy’ +a(thy =0
vita) = #o.  ¥'(ta) = 1

has the form y = et + ez, In this case, ¢; and & are found by solving

eptn(fa) + capalto) =
ety (fo) + eata(to) = 15 -

T'his can always be done if the Wronskian

Wi m)ito) = | 160) Vo) | — s tahag ) — wittaluatt) £ 0.

« Homogencous equations with constant coefficients

Start with an (3D

(1) ay” + by + ey =
where a, b, and ¢ are constants, a # ().

The chamcteristic equation of (1) is the polynomial equation
(2) ar® 4+ br + e =0.

If the ronts of (2) are distinct real numbers vy and ry, then the general solution to (1) i

y = e16 't 4 o™

If there i only one real root vy of (2) (a double root), then the general solution to (1) is
Yy = I:':'llF.'T'I +ﬂ1t'|=.'1-'1-
If (2) has complex roote A + i, (pu # 0), then the general solution to (1) is
y = e cos(pt) + cqet sin(pt).



+ MNon-homogeneous eguations

If ¥ is any solution to

(3) ¥ +plthy + qlthy = glt)
and oy + ea1p 18 the general solution for

¥+ pithy’ +ql(t)y =0,
then the general solution to (3) is
Yy = + ez + Y.
(Terminology: y,. := ey3y +caye 8 the complementary solution and ¥ is called a particular solufion. )

« Method of undetermined coetficients

The summary for second and higher order equations is given later in this review.
#« Variation of parameters

If
§" +plthy’ +althy =0
has fundamental get of solutiona {y,, 32}, then
¥ +p(thy” + qlthy = ot)
has general aolution 4 = ey () + capa(t) + ¥ (t), where
#2(t) g(t) wn (t) g(t)
YO =010 [ i 2O [ Wignpmi

&« Meochanical vibrations

Model for motion of a vibrating spring/mass system: If u(t) ia the displacement of the mass from
equilibrinm position (positive direction is downward) then

mu™ + yu' + ku = F(t),

where m ia the masa, v ia the damping constant, k ia the spring constant and F(t) ia the sum of any
additional forees acting on the spring.

The damping force is proportional to the speed, &0
damping foree at time § = -y (speed at time £).

If the relaxed apring of length { is stretched an additional distanee L (to the equilibriom pogition)

by a mass m, then the spring constant is

Trig

k= .
L

Undamped free vibrations: F(f) =0, v = 0. Then ODE is mu” + ku = 0, which has general
aolution
u = Acos(w,t) + Hsin{wat),
where wn = vk/m. If B = AT+ B and tand = #fA, A = Heoad, = Hain §, then
u = Hoos{wnt — §).
f ia the amplitude, wy is the frequency, 27 /wn i8 the period and & is the phase.



