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Probability Laws

The purpose of this document s to review and illnstrate the laws of probability:
‘The most important of these laws are the following.

The Addition Rule: PlAw Bl =PlA) + PIB)- PIAN B! and for muiually exclusive events
PlAuBuC) =P(A)+ P(B) + PIC) .

Definition of Mutally exclusive: P lAnB) =

‘The Probability of a Complement: pla)=1- pla)

plan B

PiB)

The definition of independence: A and B are independent if pPlag) =plal Only if this is true
can we assume that PlA " B) =P(A)-P{B) . In particular, two events cannot be both mutually
exclusive and independent, except under unlikely circumstances.

The Multiplication Rule: Pla 1 B) =PlajBlp(B) or P(AB) =

The problem 1= due to Bassett et al* and says that on a given Sunday the probability that a fisherman goes
to the sea 1s 30; the probability that he goes to a mver 1s .25 and the probability that he goes to a lake is also
22, If he goes to the sea, the probability that he catches a fish s .80; if he goes to the nver, the probabality
that he catches a fish 1s 40; if he goes to a lake, the probability that he catches a fish s 60.

‘What the problem says: The most important thing to note here 1s that the last three probabiliies are
condifional probabilities, not joint probabilities. They are conditional probabilines, not joint probabilities,
because they talk about catching a fish if something else happens. So letus say 5 15 the event that he goes

to the sea; K i= the event that he goes to the nver; L is the event that he goes to the lake and F is the
event that he catches a fish.

The first three probabilifies are the probabiliies of mutually exclusive events. They are
PiS) =5, PIR) =.25 and PIL) =25 _ Since these add to 1, it is implied that it is absclutely

certain that he will go fishing on Sunday and 1t 15 also implied that he can go only one place on a given
Sunday.

" The second three probabilities are the conditional probabilities of events that can only occur in a
specific location. They are P\F|5) =80, PIF|R) =.40 and P\F|L) =.60 . If we wish, we can
use the multiphcahon rule to construct a joint probability table

But there 15 an implied event of which we have said nothing. This is the event F , that he does
not catch a fish. Just as we do not know PUF) v vet, we also do not know P P\F) but we can find out by
construchon a joint probability table. It may be useful to use the mle for construchng the prcuba]:lﬂlt'.r of a
complement to get the probabilities of not catching a fish in each of the three locations. PLF|5 =

1- PlF|s) =1- 80 =20 PI\F|R)=1- PIF|R) =1- .40 =60 g P\F|L) =

1- PIF|L) =1- .60 =40 _(Qn the other hand we could get these from the joint probabilities after we

start constructing the @able.
50 we can start by finding the joint probabiliies using the multiplication mle.

p(F rs) =plF|5)p(5) =80(5) =40, P(F nR) =P{F|RIP(R) =40(.25) =10 and
PlFnL) —P{.F|L]'P'[L] =.60(.25) =.15 . Now we have all we need to construct the table.
5 R L total

F D40 10 150 _ . e
_ [0 [ - If we add across using the addifion rle and realizing that the three

F o :
total 50 25 25 1.00

joint events on the top line are mutually excluosive , we can find what is probably the most important
probability, the probability that he catches a fish, which 1s .63. If we want to do thus formally, we can write

P(F)=PFnS)+ PAFnR)+ P(F nL) =40+ .10 +.15 =65 - Ye can also fimsh the table

*Bassett, Bremner, Morgan, Jolliffe, Jones and North. Statistics: Problems and Solutions, 2™ ed., World
Saentific, Singapore, 2000.
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5 R L total

by realizing that 1 t add up. Our lete table 1s thus o %-4{} . -15% - Wi
F L L a . ¥¥E
V TE g that 1t mus up complete table 1s F 310 15 .10 35 Can

total 20 25 23 100
now get our condibonal pn:uba]:uhuﬁ of not catching a fish a second way wsing the multplication rale.
plEs) ~FENS)_

P(s) -ﬂ
catching a fish that we got earlier to get the second line on the table by saying
p\F nsl=p\F|slpls) = 2005 =10 et
Of course, the table shows that none of the events are independent since we cannot get any
probabilities mnside the table b‘.-"]]lll]l:lpl‘r‘ll'l probabilities outside the table. For instance
40 =P(F n5) =(PIF)IP(s)) =500.65) =.325. Though much of this problem, which deals wit

probabilities of catching a fish on one or more of several consecutive Sundays or of two similar fishermen

meeting on two consecutive Sundays, we can at least look at the following.

a) The probability of catching a fish on two successive Sundays. If we assume that the probabilities stay the
came which means 1) the fisherman does not leam by expenience and 1) if we catch a fish this week 1t does

not significantly deplete the stock of fish available on the next Sunday we can assume the events Fj . a
fish on the first Sunday and F; | the probability of a fish on the second Sunday are independent so that

PlE, nF,) =plF, KPlF,)) =.65..65) =.4225  This is an example of the Binomial distribution,

which will grve us a formula for finding the probability of X successes in Il tries when 1) the results of
any one fry are not inflnenced by the outcome of another try and 1) the probability of success on any one
ry stays constant.

b) We can also use Bayes’ rule to answer the question “if the fisherman comes home on a given Sunday
without a fish, what is the probability that he has been to each of the three locations? The first of these is a

conditional probability £ 5'|F-' and we can find 1t by using

—-ED etc. But we could also have used the conditional probabilities of not

P(F|5)p(s) _
P{S F :I = El""LF.' ='ngé'5} =;g =.2837 or we can simple say, using the multiplication mule
PlsnF) .10

and our table that P[5|F] = = =_2837 . Of course if this was the question given at the

plE) ~ 35

beginning of the problem, we would have had to construct all three of the probabiliies of not catching a
fish, used them to get the joint probabilities in the second row of the table and then added them together to

get the total probability of not catching a fish. You might want to try the rest of these for pracice. The
authors say that PlR|Fl =42s86 and PET—|-?-' =.2857 _Note that, since cur assumptions lead us to

the conclusion that if he didn't catch a fish he must have been somewhere, the three condiional
probabilities add to one.

*Bassett, Bremner, Morgan, Jolliffe, Jones and North. Statistics: Problems and Solutions, 2™ ed., World
Saentific, Singapore, 2000.



