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1 Predicting the Population of the U.S.

Given the following eensus data of the US. population, how can we predict
the population in 20107

Year ¢ Actual Pt) | Year ¢  Actual P(t)
170 0 3.9 3.9 (1910 120 | 47
1800 10 5.3 485 | 1920 130 105 o8
1810 20 7.2 59 [ 1930 140 122 T2
1820 30 0.6 7.3 | 1940 150 131 B8
LE30 40 12 t!) 1950 1640 151 108
1840 5i) 17 11 | 1960 170 170 133
1850 Gl 23 14 | 1970 180 203 164
1860 V0 31 17 | 1950 190 226 2012
1870 B 38 21 | 1990 200 240 240
1ES0 ) 51 25 | 2000 210 281 6
1890 100 62 31 | 2010 220 37T
1900 110 5 38 | 2020 230 A6

2 The Exponential Equation

Consider a population of P(t) at time ¢. During each unit of time, say
At a constant fraction of population will be having offspring. We will also
assume that the population has a eonstant death rate. Thuos, the change in

the population during the interval At is

AP = ko P{_E—}.ﬂ!— | P{_E-}ﬂf



where ky;g 18 the fraction of the population having children during the

interval and £y, i the fraction of the population that dies during the

interval. Therefore, -
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- kP(t),

whoere & = Epinh, — kdenen - Sinee the derivative of P is

ﬂr—'n lim &—P
dt Ao At
the rate of change of the population is proportional to the size of the popu-
lation, et
)
& kI
al time £.

3 The Population of the U.S. Revisited

Consider the U.S. population model:

AP :
= = K

P(0) = 39
P{200) 249

The general solution is
P(t) = P{0)*™.

In the example,

P(t) = 3.0

1 249
k 200 In (—) ~ (.02078

3.9




4 Bufo Marinis—What Can Go Wrong

The American marine toad | Bufo marinis) was introdueed into Australia to
control sugar cane bectles. Unfortunately, the toads are nocturnal feeders
and the beetles are abroad by day. The following table provides the land
arca in Australia colonized by the toad from 1939 1974

Year Cumulative area oceupicd (km#)

1930 32 800
1044 55,800
1940 73,600
1954 1238, D00
1050 2012, 000
1964 257,000
1060 301,000
1974 554,000

5 The Equation % —ag + ¢

The equation
d
i
has solution : =
i il
qit) = [:-u;r{ﬂ:l ! a}-r. =

We can show this two ways: direetly and by making the substitution p(t) =
qit) + ¢fa. The latter reduees the equation to the exponential growth equa-
Lion.

6 Sums of Exponential Functions

Beware of sums of exponential functions of time such as

HOUERET: -

where ¢ > (). This might be the level of the AIDS virus in a patient’s blood

predieted for ¢ dates after the beginning of a partienlar drog therapy, The
term in the sum with the least negative or most positive exponential will

dominate the sum for large £



