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During the past decade dramatic progress has been made i calculating the binding energies of molecules.
This is the result of two advances reported in 1989 an accurate method for solving the elecunmc Schridinger
equation that 1z applicable to a broad range of molecules—the CCSD(T) method—and families of basiz sets
that systematically converge to the complete basis set limit—the comrelation u:u:nnms’[ent basis sefs. The former
provides unpre-::aientﬁi accuracy for the predichon of a broad range of molecular . mcluding molecular
binding energies. The latter provides a means to systematically approach the complete basis zet limit, i.e._ the
exact solutions of approximations to the Schrédinger equation. These two advances combined with 2 thn:ur-:rugh
analysis of the errors mmvolved m electromic structure calculations lead to clear gmdelmes for ab mihio
calculations of binding energies, ranging from the sirong bonds denved from chemical interactions to the
exfremely weak binding due to dispersion interactions. Thiz analysis has also led to surpnizes, e.g. it has
shown that the Meller—Plesset perturbation theory 13 unsuitable for ealculation of bond energies to chemical
accuracy, Le., with emmors of less that 1 keal’'mol. This applies whether one i1s interested in abselure bond
energies of relmive bond energies. Although the analy=is presented here 1z focused on the caleulation of

molecular binding energies, this same approach can be readily extended to other melecular properties.

1. Introduction

The concept of chemical bonds and the determunation of bond
energies are cenfral to chemistry. The making and breakmg of
chermical bonds m melecules govems the behavior of mamy
processes important to our modern world, from the production
of enargy and pollutants 1 an automobile enzine to the catalvhic
proceszes that convert raw matenals info matenals of value to
soclety. Weaker molecular interaction: are zalso 1mportant.
Hydrogen bonds play a cntical role m a wide range of chemieal
processzes, especially biochemical processes. Both mfer- and
mtramolecular forces determune the properties of polymers, and
a wide range of matenals has been developed by varying these
mteractions m a systemabtc manner. Obtaming a detailed
understanding of molecular mteractions and molecular binding
energies 1= one of chemistry’'s “Grand Quests.™

With the discovery of the mathematical equation governing
the behavior of atoms and melecules m the mud-1920:—the
Schrodinser equation—the pathway was opened for caleulating
molecular bindmg esnergies from first principles. In fact,
physicists immediately set about computing the binding energy
of H: with great success. This work not only provided evidence
supportmg the radical new quantum mechamics, but was the first
successful predichion of a chemical bond enersy. Unforfunately,
what was possible for H: was not pozsible for other molecules,
and, az far as the rest of chemistry was concerned, the comment
by P. A. M Dirac in 1929 held:
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“The underlying physical laws neceszary for the mathematical
theory of a large part of physics and the whele of chemistry
are thus completel known, and the difficulty 1= only that the
exact application of these laws leads to eguations mmuch too
complicated to be soluble™
Despite this difficulty, scientists such as Pauling, Mulhken, and
others uzed the framework provided by quantum mechanics to
discover the general laws which govem the structure and
energetics of molecules. This work had an smormous 1mpact
on chemizstry and later led to the award of Mobel Prizes to these
towo mndrviduals.

In his classic book, The Natwre gf the Chemical Bond,
Pauling- stated that “there iz a chemical bond between two atoms
or groups of atoms m case that the forces acting between them
are such as fto lead to the formaton of an aggregate with
sufficient stability to make 1t comvemient for the chemist to
consider it as an mdependsnt systermn.” This defimition 1= shll
vahd today, although what 15 considered an “independent
system” 13 much different than m Paulng’s time. Through the
development of sophisticated symthetic techmiques and sensitve
measurement technologies, experimental physical chemusts have
prepared aznd characterized a wide range of weakly bound
molecular complaxes. This 15 nowhere better illustrated than n
the recent report bv Giese, Genfry, and co-workers* (zes also
ref 4) of the synthesis and charactenzation of the heliom dimer—
a molecule that iz bound by only 1 milliKehrin (0.7 em ™", 0.002
kcal'mol). This work by experimental phyvszical chemists has
oreatly increased owr understanding of the full ranse of

molecular interactions.
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In the present article, we will consider all of the types of
mterachons that can zive nse to a stable molecule or molacular
complex. Specifically, four types of inmteraction: will be
conzidered.

Chemical mteractions, which result from the mtimate

sharine of electrons between the two atoms imvelved m the bond.

Chemical bonds represent the strongest molacular mteractions,
and their strengths vary from tens to hundreds of keal/meol,
although most £3ll in the ranze of 73 to 130 kealmol.

Hydrogen-bond interactions, which result from the shanng
of a lvdrogen atom bebween two other atoms. The strensths of
hydrogen bonds vary from a few keal'mol to tens of keal/mol
and are tvpically weaker than chermnical bonds by a factor of 10
o moTe.

Electrostatic interactions, which arizse from the claszical
electrostatic inferactions between the multipole moments of
molacules. In these systems, which we shall collactvely refer
to az “weakly bound molecules.” bindme energies range from
a fraction of a keal'mol to a few keal'mol, another order of

magnitudse weaker than hydrogen bonds.

Dhizperzion interactions, which result from the mstantanscus
correlation between the fluctuations 1n the electromic charge
clouds of the two mteractng systems. Binding energies ansing
solely from dizperzion mteractions range from hundradths of 2
kcal'mol to a few tenths of a2 keal'mel. We shall refar to these
systems as “very weakly bound molecules.™

Az can be zeen, molecular bindme enermies vary from
hundredths of a keal'mol to hundreds of keal'mol, a vanation
of more than 4 orders of magmitude! The challenge to the
quantum chemist, and 1t 15 2 daunbting one, 15 to develop
theoretical and computational approaches that are capable of
accuratelr desecnbing molecular bindms enersies over thiz wnde
range of values.

Although sobrmg the Schréodinger equation 15 shll a chal-
lenging task, the development of sophisticated computational
methods for solving the equation, coupled with an exponental
srowth m computing power over the past two decades, has made
it possible to compute mteraction energies for a broad range of
molacules. These capabhihities can be found m a number of
quantum chemistry codes, meludme GAUSSIAN, " CADPAC."
GAMESS," MOLPRO.* ACES I1.” and DALTOM." For amall
molacules, the accuracy of the calculations now nvals that
obtained from expesnment for some molacular properties. For
large molecules, such calculztions often serve as mvaluable
smdes to rationalizmg the expermmental data. Of parficular
mportance 15 the fact that the mathematical caleulations can
be axtended to claszes of molecules, eg., radicals and 10ms,
whoze existence m the labeoratory mav be foo ephemeral to
permut accurate measurements. This 15 1mportant not only for
obtaiming a quantitative understanding of many chemiecal
processes, e.g., combuston or plasma proceszmg, but it alse
provides chemists with a more complate picture of the nature
of the chemical bond.

Deazpite the mereasmehy mportant role that quantum chem-
1stry calculations play m modern chemical research, molacular
calculations often appear to be a “black art.™ It 15 difficult for
the novice, 1f not the expert, to confidently thread hiz or her
way through the bewildering amray of choices presented by
modern-day computational approaches to selving the Schrod-
meer equation. What method should be used to solve the
equation” There are more than a dozen ab mtio methods for
solvme the Schrédinger equation, not counting density fimctional
theory with iz large hst of exchanee and comelahion fomctionals.
What bazis sat should be uzed m the calculation? There are
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hundreds of basis sefs in the literature, some of zeneral use,
others specialized for calculations of one property or another.
Az we will show, thiz situation no lonzer exists. Because of
advances 1 the past decade, it 1= now possible to provide a
clear road map for caleculating accurate melecular bmdmng
energies. Although the focus of this article 1= on the calculation
of binding energies, the approach used here applss to other
molecular properties az well.!' The same analysis i= also
applicable to electromic structure methods not expheitly con-
sidered here. Thus, this article presents a prototype case study,
the essence of which could be repeated for many other molecular
properfies and computational methods.

In the following section we will dizeuss the sources of errors
m the sclution of the electromic Schrodinger eguation. It 1=
critical to be clear about this, because the errors can be of
different sien and, when they are, their cancellation can lead to
confusing results (as we shall see). In thas article, we wnll focus
on two very popular techmques for sclving the slectromc
Schrodmger equation: Maller—Plazzet perturbation theory and
coupled cluster theory. In the third section, we review thes
essential features of these two methods. Basziz set expansion
technigues are used to sclve the Schrodinger equation and, so,
m the fourth saction, we dizcuss the selection of basis =zets for
molecular calculations. The use of basiz zefz to convert the
Schrodmzer equation mmfoc a more readily soluble algebraic
equation has been a real boon 1n quantum chemustry. Howeaver,
it has alzo been the source of mamy problems. Finally, wath all
of thiz completed, we discuss the calculation of molecular
binding ensrgies 1n the fifth and zmxth sections.

In this arficle, we will focus on the solufion of the elactromic
Schrédinger equation and, therefore, will be concerned with D,
the mezative of the immteraction enersv at the egqubibriom
zeometry { K.} of the molecule. By considering I, we eliminate
errors associated with the solubion of the nuclear Schréodimzer
equation, although the need to extract D). from the experimental
data can lead to larger experimental uncertamnties m D, than m
I}, (becanse of uncertainties 1n the vibrational frequencies).

2. Errorz in Electronic Stroctare Calculations

There are two sources of errors 1n the zoluhion of the
electromic Schridinger equation: the basiz zer comwsrgence arror
and the elsciromic structure method error. In prachce these arrors
are often mmtermingled to the extent that 1t may not be clear,
even to the experienced rezsarcher, what the relatrre mportance
of the two tvpes of errors 1= (thiz knowledge 1z usually gamed
from experience over the course of vears of work). It =
nonetheless eszenhal to distinzmish between these two types of
errors 1f we are to understand the limitations of atomic and
molecular caleulations.

Azszume that a famaly of baziz zets 1z used fo zolve the
electromic Schrodinger equation, where the members of the
farmily are specified by the label “n™ and that, as “»” mcreassas,
the bazis set becomes more and more complate. For any given
bazis set “a.” the bazis set comvergzence error 1n [0, 1=

AD (M) = D,(M:n) — D, (M) (1)

where DM:#) 1= the value of the binding energy obtamed with
bazis sat “n” and methed “M”, and DM} 1= the valus
obtammed with a complete basiz zet, CBS, 12, as n - In
other words, D) 15 the value of the bimding ensrgy obtained
by exacthy solrme the Schrédinger equation usmg electromic
structure method “M." Becauss of the ordering of the basis zets,
AL "S(A-m) will decreasze to zero as “»" mmcreases. The detailed
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form of AD."™(MM:;n) depends, of course, on the electromc
structure method (“M™) beme used.

The basiz saf comvergence error 1z different than the error
arizing from the uze of a zrven electronic structura method “M™
to solve the Schrodinger equation (Hartree—Fock, singles and
doubles confisuration interaction, second-order perturbation
theorv, etc.). The electronic structure method arror for D 15

M =D (M:=) — D (expt]) @)
whera DI 15 defined above and D.(expt’]) 1= the expen-
mental value of the binding enerey. ADL™ 1= also referred to as
the mtrinzic error m the bmdmg energy for method “MW." It 15
the ermror mm the binding enersy that would result if the
Schrodinser equation was solved exactly uvsing method “N™; 1t
does not depend on the basziz set (n).

To complete the list of amror types imvolved mn the solution
of the electronic Schrodmeer equation, we also need to define
the error associated with 2 grven caleulation, 1.2, a grven choice
of electromic structure method {(“"MM™) and bazis zet (“n”). The
calculational error 1= grven by

AD““(M:r) = D, (Mzni) — D, (exptl) (3)

We sometimes refer to AD%(AI:n) as the apparent srror to
clearly distinguish it from the intrinsic evror for the method
“N7. Note that from eqs 1 and 2 the calculational error 15 smmply
the sum of the basiz st and method error:

AD,<(M:n) = AD,™(M;n) + AD,M (4)

If the baszis set convergence error and the electronic structure
method error have different siens, which, s we shall see below,
they sometimes do, the calculational error can be less than the
mirnsic error. Thiz pomt 1= llustrated m Figure 1, wiuch shows
two common error fypes. ' For Tipe I, the calculated DD,
approaches the expermental value from below, never reaching
the expermmental value even for a complete baszis zet. In this
case AD.“'M:-n) is always greater than AD.™. For Tvpe II,
on the other hand the calculated ). overshoots the experimental
D, for sufficiently large ». In this casa, ADS"9{M:%) can be
less than AD.™ for some n. In fact, n the fizure AD M0
72 0 for m = 3, leading the unsuspecting researcher to mcorrecth
conclude that method “M”™ and basis zet # = 3 sahisfactonh-
describe the bmmding 1mm thiz molecule. Unfortunately, this
srtuation 15 not rare, as will be illustrated by examples discusszad
m Section 3.

3. Approximate Method: for Solving the Electronic
Schrodinger Equation

Since the discovery of the Schrodmger equation m 1925—
26, a number of approximate mathods have been developed to
solve the electromic Schrodinger eguation for molecules. In thas
work we will focus on two very popular approaches: the
Meller—Plesset perturbation theory (MMP2, MP3, AMP4, ) and
the coupled cluster methods (CCSD, CCSDT, ...). Unlike the
Hartree—Fock wave fimchion on which thev are basaed, perturba-
tion theory and coupled cluster methods take the detailad effects
of elactron correlaion mfe account a “must” for accurate
molacular predichions. They are also size-sxfensive (zee refs 13
and 14). Thiz means that the defiuton of the computed
mteraction energies 15 unambigoous. We wall not discuss
configuration mterachon methods m thas article. “Less than full™
CI methods do not usually provide size-extensive descriphions

I:In{ﬂ xpt'l)

- D =)

n [basis set)}

Figure 1. Tvpel and IT errors for the calculation of molecalar binding

energies. [).(==) refers to the binding energy at the complete baziz zet

of the mteractions between clozed shell molecules, although 1t
should be noted that the carefully designed CI methods of Lin
and McLean'” (or generalizations thereof'™) do provide a means
of wsmg CI techmiques to address problems such as thoss

discussad here.

3.1. Perturbation Theory Alethods. In MAeller—FPleszat
perfurbation theory, it 1= assumed that electron comrelation 1z a
perfurbation to the Hartree—Fock Hamiltoman, 12,

H=H,+4H, (3)

where Hy is the Hartree—Fock Hamiltonian and AH,, the
perfurbation, 1= the difference between the Hartree—Fock
averaged interelectronic interaction and the exact 2¥'/r; inferac-
ticn m the full Hamaltonian With the partihonimg mm eq 3, the
wave fimchion and energy can alzo be written az a power saries

in 4
W=+ AW+ W, (6
E=E,+iE, + E,+PE+1E+.. (O

and the wave fimction and energy are computed order by order.
For sufficiently small perturbations, only W (the Hartree—Fock
wave function) and W, (the first-order wave funchion) are
mmportant. For larger perturbations, W:, W .. must also be
taken mto account.

A wave funchon through #th order m perturbation theory 12
sufficient to calculate the energy to (2n+1)th order. Thus, Eq
+ E| 15 computed by taking the expectation value of the
Hamultonian, eq 3, over the Hartree—Fock wave funchion and
15 Just the Hartree—Fock energy. Simlarky, W, and W,
determme both E(MP2) and E MP3); W, W, and W



