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1 Priors for the multivariate (Gaussian
Consider a multivariate Gaussian variable X of size p. Its probability density funetion ean be parametrized
by a mean veetor p € RP and a covarianee matrix Y € 8¢
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We will consider three cases of conjugate priors: the ease when the covariance is fixed, the case when the
mean i3 fixed and the peneral case.

p(X|p,E)
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1.1 The case of fixed variance

The eonjugate prior is o multivariate Gaussian of mean pg and covarianee matrix Yo, The derivations are
the same ag in the univariate case.

1.2 The case of ixed mean

The conjugate prior is the mverse Wishart distribuion. One can see this using the trase trick:

K- B (X - =T (E' (X - ) (X —p)") (2)

This is an inner produet in the matrix space between the matrices £ and (X — p) (X — g)". This partie-
ular inner produet corresponds to summing all the pairwise products of clements of cach matrix. 'We will
derive here the Wishart distribution, and you ean derive the inverse Wishart by a change of variable. The
computations arc similar for the inverse Wishart distribution.

The distribution over the precision matrix is the Wishart distribution with one degree of freedom is:
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where I, is the generalized (multivariate) Gamma funetion, and M, V' are positive definite matrices. When
wi forget the normalization constants, we recognize the produet of the determinant (up to some exponent)
with the exponential of the trace, which is the familiar form of the multivariate Gaussian:
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This is the multivariate analog of a Gamma distribution. In order to work with the eovariance matrix and
get the inverse Wishart distribution, one has to apply the change of variable ¥ — P~'. This shape of the
inverse Wishart looks very elose to that of the inverse gamma:
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If we want to get a predietive distribution, we inteprate the inverse Wishart against the multivariate Gaussian
which gives gives the multivariate Student distribution:

T o 1 (6)

(14X w1 (X - ))"

with a complicated with a heavy tail.

1.2 The general case

The computations are the same as before with an inverse Wishart for the covarianee and a sealed Gaussian
(scaled by the Wishart).

1.4 Sampling from the Wishart distribution: the Bartlett decomposition

If one needs to sample from the Wishart, there is an nice way to sample it called the Bartlett decomposition.
Congider the Cholesky decomposition of the parameter:

V=LLT (T)
Samples of ¥ are obtained by sampling
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in which the diagonal coefficients are from the ¥? distribution with p degrees of freedom and the = ; are from
the univariate Gaussian distribution A (0, 1).

There is a similar way to sample from the multivariate Gaussian distribution. Consider the multivariate
Ganssian with identity matrix X ~ A (0, 1;). This is casy to sample from: each coefficient ean be sampled
independently by a univariate Gaussian. We use the Cholesky (or the square root) decomposition of the
COVATANCe MAatrix

Y. — LI¥ (10)

We then define & new random variable W = LX | with 0 mean and covariance Var (W) = E [WW'| — 0
LLT = ¥, Therefore W as defined this way ean be deseribed a 0-mean Gaussian with covarianee . Gotting
A different mean is simply & matter of translation W,
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This concludes our introduction to conjugate priors. Conjugate priors arc a matter of convenicnee, casy
to implement and as such widely wsed in software implementations. They have some nice propertics, in
particular they are optimal asymptotically. They are often used in applications, when one lacks prior
knowledpge. Using econjugate priors, only needs to assess the prior parameters.

2 Jeffreys priors

Though conjugate priors are computationally nice, objective Bayesians instead prefer priors which do not
strongly influenee the posterior distribution. Such a prior is called an wninformative prior.

This is a hard problem, and a number of things we might try are not appropriate. The historieal approach,
followed by Laplace and Bayes, was to assign flat priors. This prior scems reasonably uninformative. We
do not know where the actual value lies in the parameter space, so we might as well consider all values
cqquiprobable.  This prior however is not invariant. Consider for example a binomial distribution X ~
Binom (r, #) in which we want to put a prior on . We know that @ lics between 0 and 1. The flat prior on
f# s the uniform distribution: = (@ 1. Sinec & lics between 0 and 1, we can use a new parametrization
using the log-odds ratio: p = log = This is a perfeetly valid parametrization, and a natural one if we want
to map & to the full seale of the reals. Under this parametrization the prior distribution = (p) is not flat
anymore. This example shows a prior that is uninformative in one parametrization, but becomes informative
through a change of variables.

This heecomes more problematic in higher dimensions: the uniform prior in large dimension does not integrate
anymore. In addition, the flat prior becomes very informative: it tells that most of the probahbility mass lies
at 4oo, far from the origin. If instead one considers a high-dimensional Ganssian distribution X ~ A0, 1),
most of the mass is concentrated in a (high dimensional) unit sphere eentered at the origin.

Faced with these issucs, we see that Hat priors and uninformative priors raise mathematieal and philosophical

problems. These examples show that finding prior distributions that have a minimal impact as possible on
the data raises deep practical isswes.

We first consider some special cases in one dimension, then consider the general easc.

2.1 Examples
2.1.1 The example of an uninformative location prior

Consider the case where we have a loeation parameter: a probability distribution over a variable X of densicy
F{X — &) where # is a location paramcter that we endow with a prior. A candidate for a prior would be
w (0) oc 1. If @ lies in an interval, we ean consider the uniform distribution as a prior estimate. If @ ean take
any valoe in B, the flat prior is not a probability density becanse it does not integrate. Such a prior is called
an mproper prior. It expresses our state of ignorance (henee the flat prior) and ecan be defined as the limit
of a proper prior.

2.1.2 The example of an uninformative scallng prior

Consider a density factor 6

fo() = 5£(3) (11)
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