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0201 & 0202

Due Wed Nov 2 at the beginning of yvour discussion section.

You must write the solutions to the problems single-sided on your own lined paper,

with all sheets stapled together, and with all answers written in sequential order or
you will lose points.

1. For each of the following statements, either use induction to prove that the statement 1s true,
or give a counterexample with justification to show that it s false.
(a) Suppose that the following recurrence relation holds
(] = ],,ﬂg = 'D',, Wi = Ezﬂ,ﬂi = flﬂ.l'_l — "lﬂi_g

Prove that ¥n € Z+,a, =2"(1 - 2)

Base Case (n =1, n = 2)

n=1ia,=a =1 2'[1—é}=2{%]=1
n=2ay=a:=0 2(1-3)=2(0)=0
IHn=iVicZ,1<i<k-1)

a; = 2'(1 — 1)

IS(i = k)

show: a = 2%(1 — %)

proof:

. — dﬂk—l = flﬂ;:_g

= 4(2"1(1 - 431)) —4(252(1 - A52))
=4(25%(2 - (k- 1)) - 4(2"*(2 - (k- 2)))
=4(2*3(2(3 - k) — (1 - k)))

= 425302 _ &)

=252 __E)

= 24(1-}

(b) Suppose that the following recurrence relation holds
by =4, =12Vi € Z2* b; = b;_a + b,

Prove that Vn € Z=' 4|b,

Base Case (n =1, n = 2)

=1 b, =b = 4 4|4
n="12 be = =12 4|12

IHn=m,Yme€ Z,1 <m < k)

Al by
IS(n = k)



Pl B L L T E *.lll'.."k-

proaf:

b = b2 + by,

4|by_o therefore Ir € Z by_4 = Ar

4|bg_1 therefore 3s € Zmbk — 2) = 4s by def. of divides
b = 4r + 4s by substitution

bp=4(r+s),r+s€ 2 by closure of £

4| by by def. of divides

(c) Suppose that the following recurrence relation holds

9 10 s
dy=—,do=—VkCc Z= dp =dp_y - dj_
1= 19092 = 17 = , e k—1 - dE_2
Prove that ¥n € 221, d, < 1
Base Case (n=1,n =2
=1 ﬂ!:.-nzd-l:g
H':E in=d2=

|53le
A IA
|

=l=al
_
MoOA

Hin=iVicZ,1<i<k)

d; < 1

IS(n = k)

show: d. < 1
proaf:

di = dg—1dk—2

dp_ = l.uffdk—ﬂ by IH

d._; = 1 from above

dp_1dg_s < dp._» by multiplying both sides by dp_»
dp_» << 1 from above

dp_1dp_5 < dp_5 < 1

dy. << 1 by substitution

2. Use set notation to answer each of the following questions:
(a) Suppose A and B are sets defined as
A={zc ZNkc ZZ',z =4k + 1}

B={rcZlvkc Z=',z = 3k + 5}
1. List 10 elements of AU B
1. List 10 elements of AN B

Note:

A=1{591317, 21, 25, 29,33, 37,41... }
B—={8 11,14, 17,20, 23, 26, 29, 32, 35.._ }
ANB={z € Z|Vk € Z2',x = 12k + 1T}

(b) For each of the following expressions, use a Venn diagram representing the universe U and
the two subsets of that universe A and B. Shade the part of the diagram that corresponds
to the set specified by the expression. Note: A® means the complement of A.
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11.

iii. (AU B)°

iv. A*nN Bc

v. AU B*

vi. (AN B)°



