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15-251

Great Theoretical ldeas
in Computer Science

Cantor's Legacy:
Infinity and Diagonalization

Lecture 23 (April 7, 2009)

Ideas from the course

Induotion

Humbers, Number theory and Algebra
Reprecentation

Fmnits Counting and Probability
Automata and Computation

A hint of the imfinite
Infinita row of domino=s
Infinita sume (formal power seriac)
Infinits ohoioe treea, and infinite probability

Infinite RAM Model

Platonic Version:

One memary kecation for saoh
natural mumbear D, 1, 2, ...

Aristotelian Version:
Wheneveryou run out of mamory,
tha computer contaots the factory.

& maintsnance person is flown by
helicopter and attaches 1000 Gig of

RAM and all programa resume their
computations, 2aa if thay had never
been interrupted.

The ldeal Computer:
no bound on amount of memory
no bound on amount of time

Ideal Computer ia defined as a
computar with mfinite RAM._

You can run aJava program and nevar have
any overflow, or out of memory errora.

An ldeal Computer

It can be programmed to print out:

2 2.0000000000000000000000...
113: 0.33333333333333333333. ..

g 1.6180339387498943432045. ..
e  2.7182818284559045235336. ..

m. 3.14159265358979323346264. ..




Printing Out An Infinite
Sequence..

& program P prints out the infinits sagueanas=

G, By, By ey B -
ifwhan P io executed on an ideal computer, it

autpute a gaquenos of eymbole suoh that
-The k™ aymbol that it cutputs is 5,

-For every ke, P eventually outputs the k¥ eymbal.

l.e., the delay betweaean symbol k and aymbaol k+1 ie
not infinite.
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Computable Real Numbers

A real number R is computable if thers is a2
program that prints out the decimal representation
of R from laft to right.

Thus, 2ach digit of B will avantually be cutput.

Describable Numbers

& real number B is deasoribakl= if it oan be denoted
unambiguwoualy by a finite piece of Engliah text
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Theoram:
Evary computabla real ia alao daacribable

Proof:
L=t R be a computable real that is output by a

m P. The following ia an unambiguous
degoription of R:

“The real numbear output by the
following program:™ P
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MORAL: A computer
program can be viewed as a
description of its output.
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Syntax: The tecct of the program g—'lb ol
Semantics: The real number output by P f ‘] :
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7 Are all realz describable?
Are all reals computable?

but do we alzo have A
describable = ; 4
computabla? | -

augstiors we will ansssar In thils (2nd nest) leofurg... =

Correspondence Definition

In fact, we can use the cormrespondanca as
the definition:

Tweo finite seta are defined to have the

gamsa gize if and only if they can bea placed
into 1-1 onto (bijective) correspondence.

Cantor’s Definition (1874)

':“G_f;unc.f_n.}—i
Two s are defined to have
the same Eizg if and only if they can be

placed into 1-1 onto correspondence.

If there exiats a bijection bebtwean tham.
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Correspondence Principle

if two finite sets can be placed into
1-1 onto (bijective) correspondance,
then they have the same size.

Georg Cantor (1845-1918)

Cantor’s Definition (1874)

Two sets are defined to have
the same cardinality if and only if
they can ba placed into
1-1 onto cormespondence.

If there exats a bijection betweaan tham.




