Lectuze 3 Phy= 3750

Two Coupled Oscillators / Normal Modes

Overview and Motivation: Today we take a small, but sigmificant, step towards
wave motion. We will not vet observe waves, but this step 13 important in its own
nght. The step 1s the couphng together of two oscillators via a spong that is attached
to both oscillating objects.

Eey Mathematics: We gamn some expenence with coupled, hnear ordinary
differential equations. In particular we find special solutions to these equations,
known as normal modes, by solning an eigenvalue problem.

I. Two Coupled Os=cillators
Let's conuder the diagram shown below, which 15 nothuine more than 2 copies of an

harmonic osallator, the systermn that we discussed last time. We assume that both
oscillators have the same mass m and spnng constant £, . Notice, however, that

because there are two oscillators each has it own displacement, esther g, or g,.

k: " 1 k;

q =0 g2 =0
Bazed on the discuszion last time Tou should be able to i_tmnediatﬁl'_r write down the
equations of motion (one for each osallating object) as
4 +&'g =0, and (1a)
'-I"i;z +52'§": = D:. 'i“:'.j

where &* =k /m. As we saw last time_ the sclution to each of theses equahons is

harmomic motion at the (angular) frequency &. As should be obwious from the
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picture, the motion of each oscillator 15 independent of the other oscillator. Thas 13

also reflected in the equation of motion for each osallator, whach has nothing to do
with the other ozcillator.

Let's now make things a bit more mnteresting by adding mn another spnng that
connects the two oscillating objects together, as illustrated mn the following picture.
To make things even more interesting we assume that this new spong has a different
constant &'. However, to keep things simple we assume that the mmddle spong
provides no force if g, —g, = 0. That 13, this spong 15 nesther stretched or compressed
if 1tz length 15 equal to the its length when two objects are at equiibram

g]_:{:l g:=|:|'

T]:ﬁﬂkjﬂg about this picture we should realize that the two equations of motion will no
longer be independent. That 13, the equation of motion for the first object wall

depend (somehow) upon what the second object 15 doing, and vice versa.

Let's use Newton's second law to wrte down the equation motion for each object.
Recall that Newton's second law for esther object (i=12) can be wntten as

2)

where F, 1z the net force on object i. The tncky part, if there 1z a trcky part, 1= to

determine the sum F, on each object. The net force on the first object comes from

the spong on the left and the spong in the nmddle. With a httle thought vou should
reabize that this net force F| 1z
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F =-kg -klg -q,). (34

Make sure that vou understand the signs of all the term on the rhs of thuz equation.
MNotice that the force provided by the muddle spring depends not only on the first
object’s dizplacement but also on the second object's displacement. S.'I.I'I'.I.‘Ilﬂ.f_].'_'.'_._ the net
force on the second object 15

F,=-kq, - ":;I |-r.'§": -4 :I - ':3']:‘.]

Substituting these two forces into Bq. (2], once for each object, we obtamn the two
equations of motion,

':i:: _5:'?'._5’:1:'?: _'?2.:':{: H"E.:I
tor the first object and

g, +@'q, +&" (g, —gq,)=0 (4b)

tfor the second. Here & =&'/m. Given the symumetry of the problem, it smght not
surprise you that vou can obtain one equation of motion from the other with the

transformation 1432 m the subscnpts that label the objects.

So now we have a conuderably more complicated problem: as expected from locking
at the drawing above, the equation of motion for each object depends upon what the
other object 15 doing. Specifically, each equation of motion depends vpon the
displacement of the other object.

II. Normal Modes

A. Harmonis Ansaty

So what are the sclutons to these differentsal equations’ Well, we will eventually
write down the general solution (next lecture). But nght now we are going to lock at
a special class of sclutions known as normal-mode solutions, or simply, normal modes.
A normal mode 15 a solution i which both masses harmomically oscillate at the same
trequency. We state why these special solutions are extremely useful at the end of the
lecture. For now let's see if we can find them. We use the complex form of harmonic
motion and write

g,(t)=g,e™ and (5a)
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