SVM and Boosting

Support Vector Machines

In SV¥Ms we are trying to find a decision boundary that maximizes the "margin” or the "width of
the recad” separating the positives from the negative training data points.

To find this we minimize: %lﬁl'} subject to the constraints y (W T} +b) > 1

The resulting Lagrange multiplier equation we try to optimize 1s:
1 2 EE

L :§|w|' - oi(y(w-7;+b)-1)
Solving the above Lagrangian optimization problem will give us w, b, and alphas, parameters
that determines a unigue maximal margin {road) solution. ©On the maximum margin "road”,
the +ve, and -ve points that stride the "gutter” lines are called support vectors. The decision
boundary lies at the middle of the road. The definition of the "road” is dependent only on the
support vectors, so changing {(adding deleting) non-support vector points will not change the
solution. MNote, that widest "road” i1s a 2D concept. If the problem is in 3D we want the widest

region bounded by two planes; in even higher dimensions, a subspace bounded by two
hyperplanes.

Solving for the Lagrange multiplier ;s in general requires numerical optimization methods that
are beyond the scope of this class. In practice, you use Quadratic Programming solvers. A
popular algorithm for solving SVMs 15 Platt's SMO (Seguential Minimal Optimization) algorithm.
For SVM problems on quizzes, we generally just ask you to solve for the values of w, b and
alphas using algebra and/or geometry.

Useful Equations for solving SVM questions_

A. Equations derived from optimizing the Lagrangian:

1. Partial of the Lagrangian wrt to b: From % — |

Z,ﬂ Y. = ( Note that Y, € {—1,4+1} and ot; = () for non-support vectors.
Sum of all alphas (support vector weights) with their signs should add to 0.
2. Partial of the Lagrangian wrt to w: From {ij‘ =)

(i)

For when using a linear kernel.
The summation only contains support vectors.
Support vectors are training data points with

o ;>0

For when using a decomposable kernel (see
definition below].

Sum of alphas, ys of support vectors wrt to vector w.

B. Equations from the boundaries and constraints:
3. The Decision boundary:
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General form, for any kernel.
To classify an unknown 7, we compute the

hﬁj} — E,ﬂ F_yj [{{ f,-,i‘ }_|_ b > 0 kemnel function H{f;?] against each of the
support vectors .1"_: Support vectors are
training data points with o ;>0

h(Z)= Ej[l:n YT )2 +b>0 For when using a linear kernel
WE)=w-F+b>0 K(7,7)=7;-7

4. Positive gutter:
h(Z)= Z,ﬂ ,—y,.ﬁ’{:l_r},ﬂ}—l- b=1 General form, for any kernel.

h(Z)= E;[{ﬂiy;r{}' Z|+b=1
hiZ)=uw-Z4+b=1

For use when the Kernel 15 linear.

5. Negative gutter:

h(Z)=>_ oy K(T;,2)+b=—1 h(#)=w-Z+b=—1
6. The width of the margin {(or road):

: _ 2 =
width of road =m = ﬂ where, I -u;l — ."Ziwf?

Alternate formula for the two support vector case:
w
(7]
This equation is useful when solving SVM problems in 1D or 2D, where the width of the road can

be visually determined.

widthof road=m=—(Z4+—-7_)

Common SVM Kernels:
K(u,0)=u-?

In document classification, feature vectors are composed of binary word
features:
I{word=foo) outputs 1 if the word "foo” appears in the document O if it

Linear Kernel
does not.

Each document is represented as |vocabulary| length feature vectors.
Support vectors found are generally particularly salient documents
(documents best at discriminating topics being classified).
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Decomposable
Kernels

Idea: Define qﬂ;{ﬁ]

that transforms input
vectors into a
different {usually
higher) dimensional
space where the data
Is (more easily)
linearly separable.

Polynomial Kernel

Radial Basis Function
(RBF) or Gaussian
Kernel

wWill fit almost
any data. May
exhibit
overfitting
when used
improperly.
Similar to KNN
but with all
points having a
vote: weight of
each vote
determined by
Gaussian

> Points

farther

away get
less of a

vote
than
points

K(u,v)=¢(ud) ¢(v)
Example:
ﬁf*{*l—[mn{::'}]f({u,ﬂ}—ms i, )cos( 7] )+sin (s )sin (75

K(u,0)=(d-v4b) n=>1
Example: Quadratic Kernel: K(§{ #1)=(4 -0+ b]ﬂ
. In 2D resulting decision boundary can look parabolic, linear or
hyperbolic depending on which terms in the expansion dominate.

. Here is an expansion of the guadratic kernel, with u = [x, v]

=}y
= (v,2+ voy +b)*
=[(vP)z2 +(v3)y2]|+[b

HW: Try this Kernel using Professor Winston's demo

H{E?E‘}Zexp(_lﬁ_ﬂlh)
272

In 2D generated decision boundaries resemble contour circles around
clusters of +ve and -ve points. Support vectors are generally +ve or -
ve points that are closest to the opposing cluster. The contour space
drawn results from sum of support vector Gaussians.

2+(201b) +(209b)y]+[(201v5)zy]

HW: Try this Kernel using Professor Winston's demo

When g2 15 large you get flatter Gaussians. When &2 15 small you get
sharper Gaussians. (Hence when using a small 2 contour density will
appear closer / denser around support vector points).

Here is the Kemel in-2D expanded out, with u = [%, ¥]

K(u,7)= E'.:{p(_ (r—1 ]3+1!f—'l’2]!)

252
As a point gets closer to a support vector it approaches exp(0) = 1. As
a point mowves far away from a support vector It approaches exp(-

infinity) =

ral

)




