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1 Recap

Define the following:
h-l'![:I'I:l"':I-l?} = E{h[:r|1"':fﬂ:lxﬂ| |1"'1I!']}

e = Var(h(X,,..., X.))

Now consider a U-Statistie:
Vo= Y W(Xp,..... Xp)
{r.} .ﬂl

= () ()00

¢

Tk

where E(h) =0 and

Note that

Var(l/,) = FOn?)

1.1 HRao-Blackwellization
Note that we ean write Uy, = E(h(X,, .., X;)|Xiy.-. ., Xm). Thus, we have the following inequality:

E{U%) E(ERX:,.... X)Xy -- .. Xiny)?
E(ER*( Xy, ..., X Xq).---. Xim)

h?

n

2 Projections

Define £q(P) as the set of funetions that are finite when squared, and let T and {5 : 5 © §) belong to 50 P).

Definitlon 1. 5 ¢ § is a projection of T on § if and only if E{((T - 5‘]5] ~Dforall 5c &

Corollary 2 (From van der Vaart Chapter 11). E(T?) = E(T — §)2 + E(5?)
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Now consider a sequenee of statisties Ty and spaces Sy (that contain eonstant real variables) with projeetions

s

l-
Theorem 3. If (=

o 1 then

Ta—E(Ta) Sa—E(Sa) P
stdev(Ty) stdev( S
Proof- Let A, = T BTa) _ Sa—B50)  Nyo that E(A,) = 0 and

stden{iy) stden(Sp)
Cov(Tn, Sn)
stdeo(Ty, )stden| gn]

(]

Var(An) = 2 _2(

Sinee (T — Sn) L Sn ((Tn — Sa) is orthogonal to ), we have:

ET.5)=E&Y =
Cov(Ty, 5,) = Var(§,) =
An50 =

L

2.1 Conditional Expectations are Projections

& = lincar space of all measurable funetions g(Y) of ¥'. Define F(X|}) as a measurable funetion of ¥ that
satisfics E{X — E(X|Y))g(Y) = 0. As a consequence, we have the following:

e Setting g = 1, then E(X — E{(X|Y)) =0= E(X) = E(E(X|Y))

e E(f(Y)X|Y) = f(Y)E(X]Y) because
E[f(Y)X — f(¥)E(X|Y)|a(Y) = E(X — E(X|Y))f(Y)a(Y) =0

o E(E(X]Y,Z)|Y) = E(X]Y)
2.2 Hijek Projections
Lot Xy, Ao, ..., X, be independent, § = [37F | gilr:) - g © Co(P)}. § s a Hilbert space.

Lemma 3 (11.10 in van der Vaart). Let T have a finite 2nd moment. Then

5= E(T|X;) — (n — )E(T)
i

Proof
ssenson){ BB 11/
E(5|X;) = _E(T) — (n — )E(T) + E(T|X;) = E(T|X;)

ifj
Thus we have that :
E[(T — 8)a(X;)] = E[(E(T — 8)|X;)e(X;)] = 0.

And we conelude (T — §) 1 8.
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3 Asymptotic Normality of U-Statistics

Assume E(h?) < co. Take Héjek projeetion of (U, — 8) onto {37 | gi(x:) : @ € La(P)}. Define U, =
On—0=Y", E((U — 8)]X;). We have that

hy(x) ific
B(h(Xp - Xp) - 0Xi=2)={ o' (el

Where hy(z) = E(h(z1, Xa, . ... X,) — 8). Now

n—1

E(Un — 0]1Xi) = @
rl 8

U, = ;Zﬁ..{m
i 1

Note that EU, = 0 and : ,
Var(Uy) = Z5 In[Var(A(X;))]] = =&

Var(lin )

Var(} 1. By our previous theorem we have that

And s0 we have

L, —a L?“ P

By Slutsky we have
U, —0-U,) Lo

By CLT we have
Jﬂﬁ'ﬂ i"’ N{ﬂ, 'j"il :]

And by Slutsky apgain we have
Va(l, — 8) % N(0,r%,)



