the 3d vector space of (at most) quadratic expressions in a variable

The space of (at most) quadratic functions in a single vanable x 13 a 3-dimensional vector space: the sum of two
quadratics iz a quadratic whose ordered coefficients are the sum of the individual quadratics, while the ordered
coefficients of a scalar multiple of a quadratic are just the scalar times the ordered coefficients of the quadratic. It 13
natural to order the powers of the variable x i increasing order from 0 to 2 (zo that we can easily extend this
discussion to any number of powers by adding additional terms, as in Taylor polynomials). Technically a quadratic
function must have the coefficient of 1tz squared term be nonzero, otherwise 1t 13 a linear fonction or even a
constant function, 5o we are talking about the space of "at most” quadratic polynomials, namely polynomials of
| depree at most 2. Thiz will be understood here when we refer to these functions as quadratics.
> resiart:
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Toeach quadratic corresponds a vector of ordered coefficients, and adding quadratics or scalar multiplying them
| corresponds directly to the same vector operations on the comresponding vectors:
> gl g2=1{1,213},(2,-11);
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The ordered set of functions {1, x. .rz} 15 a basis of thiz vector space since every quadratic can be expressed
uniquely as a linear combination of these three funchions, with respective coefficients traditonally called {c, b, a}.

These coefficients correspond respectively to the Cartesian coordinates {;l:]__ X, 13} ={c, b, a}on }i"! while the basis

1 —+ —F —F
{1=x,.1:‘“} haz coefficient vectors { (1,0, 03 | {0, 1,0}, {0, 0, 1} } and so corresponds to the vsual basiz { i, j, k}
of 3. Thus we can picture each quadratic fonction as a vector (arrow) in space.

The three functions { 1, x. .1'3} are linearly independent functions since if any linear combination of them equals the
zero fonction 0, then all the coefficients have to be zero, and they certainly span the space of all quadratics by
definttion. Thus they satisfy the two properties of a basis.

However, we could alzo express any quadratic function in terms of its Taylor polynomial about a value ofx
different from 0, say x = 1. This gives us ancther zet of coefficients which are related to the old coefficients by a
linear transformation, equivalently a new basis of thiz vector space with new coordinates {9 ¥ ¥3) -

> c+bx+ar=C+Bix—1)+4(x—1}*:
=T|'.'LE relationship between them 1s obtained just by expanding the right hand side (by multiplyving it out) and
_comparing coefficients on both sides of the equation
- .ﬂx2+bx+c={:aff€cf{expmdfﬂ+ﬂ (x—1}+.4 (x— ljz]l?ﬂ

etbxtax=Ax +(-24A+B)1x+C+A—B (3)
50 identifiying the coefficients of the powers of x on each side gives
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The inverse transformation is obtained by simply evaluating the Taylor polynomial centered at x =1 using calculns
| and comparing coefficients of powers of (x— 1) on both sides of the equation:
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c+hxtar=a+b+tctiZa+td)ix—11+aix—1)° (5)

> C+Bix—1)+4{x— 1)V =tmlorlax*+bx+c,x=1,3)
C+Bix—1l1+dix—1V=a+b+ec+(2a+b) (x—1) +alx—1) (6)

;Mat:]:u'ﬂg the coefficients on both sides of the equation:
> (ABCr=lgabt+t2actdbta
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=Eﬂw:"iting this 1n ascending order of powers using the more familiar Cartesian coordinate symbols
(Xy, Xo :-:3_::. = {¢, b, a) for the old coefficientz and {;l:], % {C, B, A) for the new coefficients, we get the

_followmng linear coordinate transformation from the old coordinates to the new coordinates
e {_}'1._}'}}'3} = (4 T35+ X3, 3, t+1x; .1:3}
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;ﬂﬂﬂ from the new coordinates to the old coordinates above
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Alternatrvely we can describe this in terms of he new basis functions
{ I.x—1, [x— 1]1} = '{1,1: —1.1—2=x +:~:3} which have old coordinate vectors respectively (which are the
| columns of the bazis changing matrix; careful now B will be a matnix):
> (L0,0y, (—1,1,0%, {1, —2 1) :
B= ({L0.0}|{-1. 1. 0}[{1.-2. 1) }:
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;5::- the expressing the old coordinates in terms of the new coordinates:
> {11__1}_13::, =y (L0, 0 +3{—1 100 +3{1.-2. 1}
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:Tugether we have the coordinate transformation a.ud its imverse
> (pXp%) =B 31Yed5). P Yp¥ ) =B (%3, 3,)
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As far as linear operations of function addition and zcalar multiplication are concerned, instead of working with the
abstract vector space of quadratic funchions, we can work entirely 1n ordinary space using coordinates with respect
to the "natural basis" of either space which correspond to each other in thiz obvious comrespondence between the
two spaces, or some other basiz which might be of interest, like the second one we came up with using the Taylor

polynomual. Thizs helps us vizspalize the abstract 3d vector space in terms of the concrete familiar vector space F
Visualizable mathematics is always more powerfol that symbol pushing.

| Here are the old (black) and new (red, blue, green) basis vectors:
L > with( plots) :

> el =arrow( 0,003, 0}, {1, 0, 0}, shape=arrow, color = black, thickness=12) :
el =arrow( {0, 1, 0} .';.&qt:e arrow, color = black, thickness=12) :
g3 =arrow( 0,0, 1), shape=arrow, color = black thickness=2) :
vl =arrow| {1, 0, 0}, shape=arrow, color = red thickness= 1, shape= cylindrical arrow) -
v.:! =arrow({—1, 1, 0}, shape=arrow, color = blue, thickness =1, shape= cylindrical arrow) :

v3 =arrow( {1, —2 1), shape=arrow, color =green, thickness=121_shape= -:_]szirwa}_a.rrm]
display(el, el, a3, 1?!._ v, v3, axes = boxed scaling = constrained)




