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Lecture L21 - 2D Rigid Body Dynamics

Introduction

In lecture 11, we dermved conservation laws for angular momentum of a system of particles, both about the
center of mass, point O, amd about a fixed {or at least non-accclerating) point (). We then extended this
denvation to the motion of a rigid body in two-dimensional plane motion including both translation and
rotation. We obtained statcments about the conservation of angular momentoum about both a foced point
and about the conter of mass. Both are powerful statements. However, each has its own sperate reguirements
for application. In the case of motion about a Axed point, the point must have zero acceleration. Thos
the instantancons conter of rotation, for example the point of contact of & eylinder rolling on 2 plane, cannot
b sl as the ongin of our coordinates. For motion aboot the center of mees, no such restriction applics
and woe may obtain the statement of conservation of angular momentum about the center of mass oven o

this point 15 acoclerating.

Kincematics of Two-Dimensional Rigid Body Motion

Even though a ned body 13 composed of an inbmte number of particles, the motion of these particles s

constraincd to bae such that the body remains a rgd body dunng the motion. In particular, the only dogrees

of freedom of a 21 ngid body are franslefon and rolaton.

Parallel Axes

Consider a 2D rigid body which is rotating with angular velocity w about point (), and, simultancously,

puint () is moving relative to a fixed reference frame © and g with origin €.
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In order to determine the motion of a point P in the body, we consider a sceond st of axes o'y, always

parallel to zy, with orgin at O, and write,

rp o | !I"'}:. {I:I
vp v | (vp)or (2)
e p age | (ap)or - (3]

Here, rp, vp and ap are the position, velocity and acccleration voectors of point 1?7 as observed by O 7o
i the position vector of point () and v, (vp)o and (ap)ge are the position, velocity and acecleration
vectors of point P, as observed by €F. Relative to point €, all the points in the body deseribe s ciroular

orbit I[r}.. constant), and henee we can easily caleulate the velocity,

(vp)or = rpl = rw |

or, in vector form,
(vp)or =w x rp,
whoere w s the anpular velocity voector. The acceleration has s cdreomferential and s radial component,

((ap)orde = rpl = rip, ((mp)or)e = rpl* = s .

Noting that w and @ are perpendicnlar to the plane of motion {ic. w can change magnitude but not

direction), we can write an expression for the acecleration vector as,
(ap)y = x Fp 1w x (wxrp).

Recall here: that for any three vectors A, B and C, we have Ax (B xC) = (A-C)B (A B)C. Thercfore

w X (w X rp) = (w- - rhw  owrp wér'p . Finally, ecquations 2 and 3 beoome,
v v | wX TR (4)
ap e | wxrp | wx (wxrp). (5)
Body Axes

An alternative description can be obtained using body acces. Now, et 'y be a st of axes which are cigidly

attached to the body and hawve the orgin at point CF.




Then, the motion of an arbitrary pomt 17 can be exprossed in termes of the peneral expressaons for relative

motion. [Recall that,

™ e I‘ 'I"'I:|1- {.ﬁ]
vp v | (oplor | w X rp (7)
@p ao | (ap)or | 2w x (vp)or | wxrp | wx (wxrp). (8)

Here, rp, vp and ap are the posttion, velecity and acocleration vectors of point 1 as observed by O e 15
the position vector of point OF; v, (vp)or and {ep)oe are the position, velocity and acccleration vectons of
point I as observed by OF; amd 12 = w and {2 — & are the boady anpular velocity and acceleration.

Since woe only consider 21D motions, the angolar velocity vector, 2, and the anpular acccleration vector, E-l,
do not change dircetion. Furthermore, becanse the body is rigid, the relative velocity (9p)oe and acocleration

(@p)ge of any point in the body, as observed by the body axes, is sero. Thos, equations 7 and 8 simplify to,

e v | wx T (9

i ag b w X e b wx (wxrp), (10)

which are wdentical to cguations 4 and 5, as expocted. Note that their vector forms are cogual. IF at £=0,
the frame ', ¥ (and eventually 2') are instantaneously aligned with the frame x, 3, the components of the

vieotors are qual. If not, then s coordinate transformeation 15 reguired.

Invariance of w and o = w

The anpular velocity, w, and the angular acecleration, o = w, are invariant with respect to the cholee of
the reference point €. In other words, this means that an observer using parallel axes situated anymhiere in
the rngwd body will obeserve all the other points of the body turning around, 1in cirealar paths, with the saome
angular velocity and acceleration. Mathematically, this can be scen by considerning an arbitrary point o the

bady €7 and writing,
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