Gram-Schmidt process and QR factorization 3/8 /2002 Math 21b, O. Knill

- Homework: Section 5.2, 2,14,16,34,40,42

- MOTIVATION. The Gram-Schmidt process 15 an algornthm to buld from an arbatrary basis an orthonormal
basis. Why do we care to have an orthonormal bass?

& The process of producing an orthonormal basis from a matrix A with column vectors @ will be associated
to a factonzation A = QF, whach helps to solve linear equations. In physical problems hke in astrophyscs,
the numerical methods to sunulate the problems one needs to imvert huge matnees i every time step of
the evolution. (The reason why this 15 necessary sometimes s to assure the numerical method 5 stable
{implicit methods)).

& An orthonormal bass looks hike the standard bass @) = (1,0,...,0), ..., @, = (0,0,...,1). We actually will
s that one ean turn an orthonormal basis into a standard bass or & murror of the standard basis

s If A4 » wntten as A = QR, then the imverse of A can be found esster, because the mverse of ¢} and the
inverse of i are easy to obtain. See later.

# For many physical problems hke in quantum mechamies or dynamics, matrices are symmetric A* = A,
where Ajy = Ap. For such matnices, there is a natural orthonormal basis which has the nice property that
Aty = M. The ¢ will be called agenvectors and the A; are the eipenvalues. These objects wll appear
later in the course.

# The formula for the projection onto & hinear subspace V' simplifies with an orthonormal bass @ i V:

projy (¥) = (i - Thty + - - - + (g, - Fhiiy, .

# For practical ressons, having an orthonormal basis simphifies hie - partly because the presence of many
geros iy - 1y = [ makes computations easter. This is especially the case for problems wath symmetry.

o There 13 more belund the QR [actonzation: if we form A = QR in then 4, = R(Q, the new matnx
Ay = Q' AQ) shares many properties of A (like the eigenvalues about which we will learn in a few weeks).
When iterating this procedure 4 — A, one 15 lead to interesting topies in differential equations {an
example 5 the Toda lattice).

- CRAM-SCHMIDT PROCESS.

Let ,...,Tn be a basis. Let @) = @i and why = @ f||fd]]. The Gram-Schmidt process recursively constructs
from the already comitructed orthonormal set o, ..., w; ; which spans a lnear space V_; the new vector
iy = (¥ — pro]y, (%)) which 15 orthogonal to Vy_,, and then normalzing i@ to to get @ = i /||d]]. The
vectors iy are orthogonal to the hinear space ¥i_y.

EXAMPLE. . : :
Find an orthonormal bass for ¢ = | 0 |, fa=| 3 |and 5 =| 2 |.
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2. EXAMPLE.

0 2 1 leads to 0 12 1/+/2
th=|2|th=]0]|Hk=|10 orthonormal @ = | 1 | 4= 0 iy = 0
ie-[E]e-[i] Zmme-[i]e-[E] o] )




' QR FACTORIZATION.
The formulas can be wntten as
th = ||t &y = ra
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Gy = (il - Tty + - + (T - T )iy + ||l = Fra By + - -~ + Punifin

which means 1n matnx form

| | - | | | . | i Tz - Fim
A=|F - - Gn|=|F - - Fm || 0 rm - ram [=QR
| | | | | | 0 0 - rmam

where A and €} are n » m matrices and K 15 a m = m matnx.

Any matnx A can be decomposed as A = QR, where (@ has as
columns orthonormal vectors and R 15 an upper tnangular square
matrc

21 1
1. EXAMPLE. The matrix with the vectorm 7y, th ks A= 0 3 2
0 0 5
Ty = || ||,
Ty = (W - T iy + ||l i
iy = (1 - Uty + (Wz - T3 )i + ||ida||wfs,
1 O 0 211
sothat Q=|0 1 0 jand R=]0 3 2|
o o1 0 0 5

- PRO MEMORIA.
The matrix i has the ||if|| in the diagonal and the dot produets [R]y = o - ©5 in the upper rnight triangle.

3. EXAMPLE. Make the QR decomposition of A = l [ll _11 |-tﬁ1=l ; "-72=I _11 I_I? ‘=l _ul ‘

: 0 —1[1 1
"12=“2-“‘=‘1 0 Hu 1‘=’M-

' SOME HISTORY. The recursive formulae of the process were stated by FErhard Schomdt (1576-1959) 1n
1907 Implicitly the essence of the formulae were 1n a 1883 paper of J P.Gram i 1883 which Schmidt mentions

mn & footnote. The process seems to be a result of Laplsce (1749-1827). It was alresdy also used by Canchy
(17T89-1857) mm 1836,

Gram Schimdt Laplace Canchy




