GHAPHING

MATI 152, SECTION &5 (VIFUL NAIK)

Corresponding material in the book: Section 4.8

Ditfieulty level: Hard.

What students should definitely get: I'he main concerns in graphing a function, how to fipure out
what needs fipuring out. It s important for students to go through all the graphing examples in the book
and do more hands-on practice. Transformations of graphs. Quickly graphing constant, linear, quadratic
graphs.

W hat students should hopefully get: How all the issues of symmetry, concavity, inflections, period-
ieity, and derivative signs fit together in the grand ascheme of graphing. The qualitative characteristics of
podynomial function and rational function graphs, as well as graphs nvolving a mix of trigonometric and
podymomial funetions.

Weird feature: lronically, there are very few pictures in this document. T'he naive explanation is that |
didn’t have time to add many pictures. 'The more sophisticated explanation is that sinee the purpose here is
to review how to graph functions, having actual pictures drawmn perfectly is counterproductive. Plesse keop
a paper and pencil bandy and sketeh pictures as yon feel the meed.

EXECUTIVE SUMMARY

.1. symmetiry yet again. Waords...

(1) All mathematics ia the study of symmetry (well, not all).

(2) One interesting kind of symmetry that we often see in the graph of a function ia mirror symmetry
about a wertical line. This means that the graph of the function equals it reflection about the
vertical line. If the vertical line 8 # = ¢ and the hinction 15 f, this B8 equivalent to asserting that
f{x) = F(2¢ — x) for all x in the domain, or equivalently, f(e+ k) = fle — &) whenever ¢ + & is in
the domain. In particular, the domain itself st be symmetne about e

(3) A special case of mirror symmetry is the case of an even function. An even function is a function

with mirror symmetry about the y-ada. In other worda, fiz) = f{—=z) for all  in the domain.
(Ewven also implies that the domain should be symmetric about 0).

(1) Another interesting kind of symmetry that we often aee in the graph of a function is half-turn
symmetry about a point on the graph. This means that the graph equals the fipore obtained by
rotating it by an angle of v about that point. A point (e d) is & point of half-turn symmetry if
flz) + f(2c — x) = 2d for all ¥ in the domain. In particular, the domain iteelf must be aymmetric
about . If f is defined at e, then d = ().

(5) A special case of half-tum symmetry is an odd function, which is a fanetion having half-tum aym-

metry abont the origin.
(6) Another aymmetry is franslafion symmetry. A function ie periodic if there exista & = () such that

flx + h) = fix) for all £ in the domain of the function (in particular, the domain itself should be
invariant under translation by k). If a amallest such & exists, then such an b is termed the period of
i-

(7) A related notion is that of a function with periodic derivative. If f is differentiable for all real
numbers, and f° is periodic with period h, then f{x + h) — f(x) i constant. 1f this comstant value
ia k, then the graph of f has a two-dimensional translational symmetry by (A, k) and ita muoltiples.

Cute facts_ ..

(1) Constant fonctiona enjoy mirror symmetry about every vertical line and half-turn symmetry about

every point on the graph (can’t get better).
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(2) Monconstant linear functions enjoy half-tum symmetry about every point on their graph. They do
not enjoy any mirror symmetry becanse they are everywhere increasing or everywhere decreaging.

(-3) Umadratic (nonlinear) functions enjoy mirror symmetry about the line passing through the verbex
(which ia the unique absalnte maximom ‘minimum, depending on the sign of the leading eocfficient ).
They do ot enjoy any half-turn symmetry.

(4) Cubic functions enjoy half-tum symmetry about the point of inflection, and no mirror saymmetry.
Either the first derivative does not change sign anywhere, or it becomes zero at exactly one point, or
there is exactly one local maximum and one local minimum, symmetnce about the point of inHection.

(7)) Functiona of higher degree do not necessarily have either half-turn aymmetry or mirror symmetry.

(6) More generally, we can say the following for sure: a nonconstant polynomial of even degree greater
than zero can have at most one line of mirror symmetry and no point of half-turn symmetry. A
noneonstant polynomial of odd degree greater than one can have at most one point of half-turn
symmetry and no line of mirror symmetry.

(7) If a function is continnouely differentiable and the first derivative has only finitely many zeros in
any bounded interval, then the intersection of its graph with any vertical ine of mirmor symmetry
i3 a point of lecal maxinmm or local minimum. The converae does not bold, e, points where local
extreme values are attained do nof vaually give axes of mirmor symmetry.

() If a function is twice differentiable and the second derivative has only finitely many zeroa in any
boammded interval, then any point of half-turn symmetry 18 a point of inbection. The converse does
not hold, e, points of inflection do nef uvsnally mive nise to hall-turn symmetries.

(9) The sine function is an example of a funetion where the points of inflection and the pointa of half-turn
aymmetry are the same: the multiples of x. Similarly, the points with vertical ads of symmetry are
the same as the points of local extrema: odd multiples of 7 /2.

{10) For a periodic funetion, any translate by a multiple of the period of a point of half-tum symmetry is
again a point of half-turn symmetry. (In fact, any translate by a multiple of half the pericd is also
a point of half-turn symmetry).

{11) For a periodic function, any translate by a multiple of the period of an axis of mirmor saymmetry is
alan an axig of mirror aymmetry. (In fact, translation by multiples of half the period also prescrve
mirror aymmetry).

(12) A polynomial is an even fuonetion iff all its terms have even degree. Such a polynomial is termed
an even pofymomial A polynomial is an odd function iff all its terms have odd derree. Such a
podynomial is termed an odd polymomial

(1:3) Alao, the derivative of an even function (if it exists) i odd; the derivative of an odd function (if it
existe) is even.

Actions __.

(1) Worried about periodicity”? Don't be worried if you only see polynomials and rational functions.
Trigonometric funetions shoald make you alert. Ity to it in the nicest choices of period. Check if
amaller perinds can work (e.g., for ain®, the perind is ). Ewen if the function in and of itself ia not
periadic, it might have a periodic derivative or a pericdic second derivative. The sum of a linear
hinetion and a periodic function has peniodic derivative, and the sum of a gquadratic onction and &
peridic funetion has a periodic second derivative.

(2) Want to milk periodicity? Use the fact that for a periodic function, the behavior everywhere is just
the behavior over one period translates over and over agaim. If the hirst derivative is periodic, the
increase/decrease behavior is periodic.  If the second derivative is periodic, the concave up/down
behavior is periodic.

(-3) Worried about even and odd, and half-turn symmetry and mirror aymmetry? If yon are dealing
with a quadratic polynomial, or a function comstructed largely from a quadratic polynomial, you are

probably seeing some kind of mirror symmetry. For cubic polynomials and related constroctions,
think half-turn symmetry.

(1) Use aleo the cues about even and odd polynomials.

0.2. Graphing a function. Actions ...

(1) To graph a function, a nseful firet step ia finding the domain of the funection.
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(2) It is nseful to find the intercepts and plot a few additional pointa.

(:3) Ity to look for symmetry: even, odd, periodic, mirror symmetry, half-tum symmetry, and periodic
derivative.

(1) Compute the derivative. Use that to find the critical points, the local ecxctreme values, and the
intervala where the function increases and decreases.

(H) Compute the second derivative. Use that to find the points of infection and the intervals where the
nction is concave up and concave down.

(6) Look for vertical tangents and vertical enspe. Look for vertical asymptotes and horizontal ssymp-

totes. For this, you may need to compute some imits
(7) Connect the dota formed by the pointe of interest. Use the information on incresse/doecrease and

concave up/down to join these points. To make your graph a little better, compute the first derivative
(poesibly one-sided) at each of these points and start off your graph appropriately at that point.

Subtler pointa... (see the “More on graphing” notes for an elaboration of these points; not all of them
were oovered in clasa):

(1) When graphing a function, there may be many steps where you need to do eome calenlations and
andve equations and you are unable to carry them out effectively. You can skip some of the stepa and
come back to them later.

(2) If you cannot solve an equation exactly, try to approximate the locations of roots using the interme-
diate value theorem or other results such a8 Holle's theorem.

(:3) In eome cases, it is helpful to graph multiple functions together, on the same graph. For instance,
we may be interested in graphing a honction and its second and higher dervatives. There are other
examples, such as graphing a function and its translates, or a function and its nmltiplicative ghifts.

(1) A graph can be vsed to suggest things about a function that are not obvious otherwise. However,
the graph should not be wed a8 conclongive evidenee. Hather, the stepes nsed in drawing the graph
ahald be retraced and used to give an alpebraic proof.

(H) We are sometimes intercsted in sketching curves that are not graphs of functions. This can be
done by locally expressing the curve plecewise ag the graph of a function. Or, we could use many
technigques similar to those for graphing inctions.

(6) For a function with a piecewise description, we plot each piece within its domain. At the pointa
where the dehinition changes, determine the one-sided limits of the function and its first and second
derivatives. Llae this to make the appropriate open circles, asymptotes, ete.

1. L:RAPHING IN CENERAL

The moal of this lecture i3 to make yvou more familiar with the tools and technigques that can be wed to
graph a function. The boeok has a list of points that you should keep in mind. The list in the bhook En't
complete  there are a number of additional pointa that tend to come up for fonetions of particular kinds,
but it is & good starting point. But in this lecture, we'll focus on something more than just the technigques
wi'll foeus on the broad picture of why we want to draw graphs and what information about the function we
want the graph to comvey. Working from that, we will be able to reconstruct much of the book’s strategy.

1.1. Graphs wutility, sketching and plotting. The graph of a function f on a subset of the real numbers
is the set of points in R® (the plane) of the form (z, f(z)), where r s in the domain of f. The graph of f gives
a geometric description of f, and it completely determines f. For a given x = xq, fxg) is the y-coordinate
of the unique point of the praph that B alko on the line © = Fo.
sraphs are uachal because they allow w8 to see many things about the function at the same time, and
enable ug to use our visual instinets to answer guestions about the fuonetion. It 8 vaually easy to look at the
graph and apot, without precise messurement, phenomena such as periodicity, symmetry, increase, decrease,
discontimuty, change in direction, ete. Thos, the graph of a function, if correcily drawn, 8 not only equivalent
in information content to the function itself, it makes that information content mmch more easy to read.
The problem 18 with the caveat if correcily dravm. The domains of most of the fonctions we consider
are nmiong of intervals, go they contain inhinitely many pointe. Mlolfing the graph in a complete sense woald

involve evaluating the function at these inhinitely many points. In practice, graph plofting works by dividing
the domain into very amall intervals (gay, of length 10-#), caleulating the values of the function {up to some
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