Lesson 10: The Vertex of a Parabola

(Cover 3.2 & Completing the Square) Read: Section 4.1
Announce /Ttemind: raleway, Galeway, Dwo: WebWork, Team Homework, Gateway
Galeway, Galeway, Galeway, Galeway!

Midterm lir - Monday, October 10, 6-7:30 pm (Note: NOT Michigan time) Location TBA
Malterial to be covered: Sections 1.1-1.5, 2.1-2.5, 3.1-3.2, 4.1-4.3

The most important points and skills for §3.2

e Studenis are able to recognize formulas lor quadratic lunctions in standard (y = az?® + br + ¢),
vertex (y = al(x — )2 4+ k) and lactored (y = alz — r)(z — ra)) lorms and use these [orms Lo
determine inflormation about the graph of the linction (y intercepl [rom standard form, vertex
[rom verlex form, and x intercepl(s) lrom factored form).

e Given a graph ol a quadratic lunction f(z) that shows the coordinates of the veriex and one
olther point on the graph, students are able Lo lind an explicit formula for f{x) using vertex form.

o (iven an explicit lormula lor a quadratic lunction, students are able Lo determine the r and
y coordinates ol the verlex as well as the [ormula [or the axis ol symmelry ol the parabola by
completing the square and then noling the values of i and k thal are present in the vertex [orm
y=alr—hY +E

e Students should be able lo determine the maximum /minimum of a quadratic lunction by con-
verting the formula into vertex [orm and interpreting the meaning ol the ¥ and y coordinates
ol the vertex in terms of the “real-world” context described in word problems.

Comment:

Most students are already very [amiliar with guadratic [unctions, standard [orm, and [actoring; how-
ever, compleling the square is quile dillicult for many students. When you do examples of completing
Lhe square, avold Lhe templation Lo cul corners and always describe your calculation methods IN FULL
and pul all sleps m your boardwork.

Suggested Lesson Plan:

0-20 TUse this Lime for a quiz and/or Lo return graded work (guizzes or team homework) and for Lo
do more examples of the material [rom the previous lesson. Summarize the previous lesson in
one or lwo sentences. Then outline the lesson [or today.

20 30 Remind the studenis about the standard equation (y = az® + br + ¢) and [aclored [orm
(y = alx — r1)(x — r2), where r; and rq are zeros) and whatl it means to know the zeros of a
[unection. Introduce the third way ol writing a quadratic lunclion: vertex form (y = a(z—h)%+k).
Sketch the graph of g(z) = 2(x — 3)* — 5 and point out how Lo [ind the vertex ol the parabola
and the maximum value of the lunction [rom the [ormuala.

Point out the key leatures ol a graph thal can be easily seen in each form (y intercept in standard
[orm, = intercepl(s) in [actored lorm, and vertex in vertex form). Make sure Lo deline the verler
and aris of symmelry as well as how Lhese may be [ound in an equation in vertex [orm.



30 40 When you have established all of the terms, have the students praclice inding a formula f[or
a quadratic [unction when given the graph. Give the students two examples Lo try in Ltheir
groups. In the [rsi example, you could start with a graph that shows two r inlercepls and
the coordinates of one other point (such as Chapter 3 Review #19 on page 118). For the
second example, you could start with a graph that shows the coordinates of the vertex and the
coordinates of one other point on the graph (such as Chapter 3 Review #20 on page 118).
Circulale as the groups work., Some questions that you might [ind helplul to ask the students
are:

e Based on the information thal you can see on Lhe graph, which way ol wriling a quadratic
[unection would be easiest Lo use here?

e [How do the poinls you can see on Lthe graph help you to igure oul the numbers thal need
lo go inlo the formula?

e What added information do we gain from the extra point (i.e. nol the zeros or vertex) on
Lthe graph?

e How can you know Lhe sign ol the leading coellicient just by looking al the graph?

Generally, students understand how Lo use zeros and/or vertex poinils in equations, but olten
have a dillicull Lime using Lthe “extra” poini Lo solve [or the leading coellicient a.

40 55 Move inlo a discussion of how lo find the verler ol a parabola by “completing the square”.
Note: The discussion of completing the square in the Chapter 3 Skills section (pages 125 127) of
the textbook gives a lormula, but we don’t want Lo emphasize this. Rather, we wanl the students
Lo learn an algorithmic approach such as the one used in Examples 1 and 2 (pages 125-127); also
Examples 2 an 4 [rom pages 112 and 114.

As an example, use h(z) = 202 — 122 + 13 (as this is actually g(x) in standard form).

Il vou really wani Lo break down the technique into bile-sized pieces, here is one procedure Lthatl
you could follow (for h{z) = 22 — 122 4 13). This is the procedure used in the book.

Step 1: Faclor Lhe leading coellicient out of every Lerm in the [unctlion.
h(x) = 2[z* — 6z + 13/2]

Step 2: Look al the number preceding the & term. Divide Lthis number by 2 and then square
that value. number = -6 hall the number = -3 which when squared is (—3)% = 9.

Step 3: Add and subiract the value you computed in Step 2 in between the @ term and constant
Lerm.

h(z) = 2[z* — 649 —9 +13/2]
Step 4: Group logether Lthe [irst three terms Lo have a perleclt square.
h(z) = 2[(z* — 6z +9) — 94+ 13/2] = 2[(z — 3)* — 9+ 13/2]
Step 5: Combine the constant terms lell over oulside the perlecl square.
W) = 2[(x — 3 — 5/
Step 6: Distribule the coellicient you [actored oul in Step 1.
hiz) = 2(x — 3)% — 5.

The most common misiakes are (i) not [actoring the leading coeflicient a oul of everything in
Step 1 and (ii) not distribuling a correctly in Siep 6.



Another approach (which lets the original constant term “come along for the ride™):

Step 1: Faclor Lthe leading coellicient oul ol every non-constani term in Lthe [unction.
hix) = E[u:g — 6x] + 13

Step 2: Look al the number preceding the & term. Divide Lthis number by 2 and then square
thatl value. number = -6 hall the number = -3 which when squared is {—3}2 =9,

Step 3: Add and subiract the value you computed in Step 2 in between the @ Lterm and constant
Lerm.

h(z) = 2[z* — 6z +9 — 9] + 13
Step 4: Group together Lhe [irst three terms Lo have a perleclt square.
h(z) =2[(z* — 6z +9) —9] + 13 =2[(x — 3)* — 9] + 13
Step 5: Distribule the coellicient you [actored oul in Step 1.
h(x) = 2(x — 3 — 18+ 13.
Step 6: Combine the constant terms lell over oulside the perlecl square.
hir) =2(x—3)* -5

There are certainly other algorithms. One ol these is the [ollowing:

Alternate method for completing the square
Shylynn Lefton, Fall 2009

Let f{x)=—-10x" +20x +97 . Since the leading coefficient is not 1, factor it cut of the first two terms, only.

We do thiz becanse we are mterested in forcing the group of vanable exprezsions into a perfect square. The
constant term 13 not altered in any way. I mstruct my students to leave some space inzide and outside of the
parentheses. The space mside 13 used to ‘complete the square.” The outside space 1= used to ensure that the
expression 1s balanced.

' 4 We complete the square by adding 1 to the “grouping.” But in order to ensure

f{x)==10x"+ 205497 that the value of the expression remains the same, we have to remember that

=_[||}(_:,-1 —2x } +97 we inihially factored cut —10. So, although we added 1 to the “grouping,” we
really added —10 to the expression. To balance that addition of —10, we must
add +10. This is the point where errors could occur. I constantly remind my

Eh m(f -2x+ I)* 10+97 students to do a quick mental check of the expression’s value. I also remind
them to think about the steps that led up to thiz pomnt. With practice, most
. [{p(_,_r‘* — 4] :|+ 10+ 97 students have no problems with this method.

= -10{x -1} +107

Pick the method that you think students will be most comlortable with. You should pick ONE
method and STICK WITH IT. (You should certainly encourage studenis Lo use a process that
makes sense Lo them, bul YOTUT should always use the same algorithm so thatl students have a
model Lo [ollow.)

55 65 Have Lhe studenis iry a [ew examples ol completing the square. Pick a lew exercises [rom
Chapter 3 Skills RRefresher “Completing the Square”™ Tools Problems #13-22 on
page 128 [or the siudenis to try. A problem like #22 can be a good one Lo do since the
students must [actor oul a negative number.



