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4.5 Undetermined Coefhicients 11

The study of undetermined coefficients continues. Recorded here are spe-
cial methods for efficiently solving the easily-solved equations. Linear

algebra is not required in any of the special methods: only caleulus
and college algebra are assumed as background.

The special methods provide a justification for the basic trial solution
method of the preceding section.

Library of Special Methods

[t is assumed that the differential equation is already in easily-solved
form: the library methods are designed to apply directly. If an equation
requires a decomposition into easily-solved equations, then the desired
solution is then the sum of the answers to the decomposed equations.

Equilibrium and Quadrature Methods. The special case of
ay” + by’ + ey = k where k is a constant oceurs so often that an ef-
ficient method has been isolated to find y,. It is called the equilibrium
method, because in the simplest case y, is a constant solution or an
equilibrium solution. The method in words:

Verify that the right side of the differential equation is con-
stant. Cancel on the left side all derivative terms except for
the lowest order and then solve for ¢y by quadrature.

The method works to find a solution, beecause if a derivative y™ is
constant, then all higher derivatives y(™*1) y™*2 ote., are zero. A precise
description follows for second order equations.

Differential Equation Cancelled DE | Particular Solution
" £ k
ay" +by'+ey =k, e #0 cy =k %= —
k
ay’ +by' =k, b#0 by' =k Yp = 3T
2
oy’ =k,a #0 ay” =k Yp EIE

The equilibrium method also applies to nth order linear differential equa-
tions ¥ , a;y'Y = k with constant coefficients ay, ..., a, and constant
right side k.

A special case of the equilibrium method is the simple guadrature method,
illustrated in Example 77, page 77. This method is used in elementary
physics courses to solve falling body problems.
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The Polynomial Method. The method applies to find a particular
solution of ay” + by’ + ey = p(z), where p(zx) represents a polynomial of
degree n > 1. Such equations always have a polynomial solution;
see Theorem 77, page 77.

Let a, b and e be given with a # 0. Differentiate the differential equation
successively until the right side is constant:

ay” + by + ey plz),
ay  + by + oy p'(T),
{1] ﬂyﬂ-‘ + byﬂ.l' 4 ﬂ'y” P”{I}-,.

ﬂy':“"'z} + by[“"'l] 4 ﬂy{“] | PE"'}II:I}

Apply the equilibrium method to the last eguation in order to find a
polynomial trial solution

i

y(x) dm%+“~+aiu..

[t will emerge that y(r) always has n + 1 terms, but its degree can he
gither n, n 4+ 1 or n + 2. The undetermined coefficients d;, ..., d,
are resolved by setting r — 0 in equations (77). The Taylor polynomial
relations dy = y(0), ..., dmn = y™(0) give the equations

ﬂdg + bl‘ill + E'liﬂ F{ﬂ}a
ads + bd- + edy j?’l,iﬂ'}.r
(2) ady + bdys + edy p''(0),

adniz + bdnp + edy p(™ (0).

These equations can always be solved by back-substitution; linear al-
gebra is not required. Three cases arise, according to the number of
zero roots of the characteristic equation ar® + br 4+ ¢ = 0. The values
m =mn,n+ 1,n + 2 correspond to zero, one or two roots r = 0.

No root r = 0. Then ¢ # (. There were n integrations to find the trial
solution, so d, 5 — d,,y = 0. The unknowns are dy to d,,. The system
can bhe solved by simple back-substitution to uniquely determine dy, ...,
dyn. The resulting polynomial y(z) is the desired solution yu(x).

One root r = 0. Then ¢ =0, b # 0. The unknowns are dg, ..., dny.
There is no condition on dy; simplify the trial solution by taking dy = 0.
Solve (77) for unknowns d; to dpy1, as in the no root case.

Double root r = 0. Then ¢ = b = 0 and a +# 0. The equilibrium
method gives a polynomial trial solution y(z) involving dy, ..., dapye.
There are no conditions on dy and d;. Simplify y by taking dy = d; = 0.
Solve (77) for unknowns da to dnyz2, as in the no root case.
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College algebra back-substitution applied to (77) is illustrated in Ex-
ample 77, page 7. A complete justification of the polynomial method
appears in the proof of Theorem 77, page 77.

Recursive Polynomial Hybrid.

A recursive method based upon quadrature appears in Example 77, page
77. This method, independent from the polynomial method above, is
useful when the number of equations in (?7) is two or three.

Some researchers (see [Gupta]) advertise the recursive method as easy to
remember, easy to use and faster than other methods. In this textbook,
the method is advertised as a hybrid: equations in (?7) are written
down, but equations (77) are not. Instead, the undetermined coefficients
are found recursively, by repeated quadrature and hack-substitution.

Classroom testing of the recursive polynomial method reveals it is hest
suited to algebraic helmsmen with flawless talents. The method should
be applied when conditions suggest rapid and reliable computation de-
tails. Frror propagation possibilities dictate that polynomial solutions
of degree 4 or larger be subjected to an answer check.

Polynomial x Exponential Method.

The method applies to special equations ay” + by’ + ey — p(z)e*™ where
p(x) is a polynomial. The idea, due to Kiimmer, uses the transformation
y = *TY to obtain the auxiliary equation

-
dr
The polynomial method applies to find ¥. Multiplication by €= gives y.

[a(D + k)2 +b6(D + k) + Y =p(z), D

Computational details are in Example 77, page 77, Justification appears
in Theorem 77. In words, to find the differential equation for ¥':

In the differential equation, replace 7 by I + k and cancel
¢** on the RHS.

Polynomial x Exponential x Cosine Method.

The method applies to equations ay” + by’ 4 ey = p(r)e*™ cos(mr) where
p(z) is a polynomial. Kiimmer's transformation y — e** Re(e™*Y") gives
the auxiliary problem

[a(D+2)* +b(D+2)+dY =pz), z=k+im, D ;_1?
The polynomial method applies to find ¥. Symbol Ke extracts the real
part of a complex number. Details are in Example 77, page 77. The

formula is justified in Theorem 77. In words, to find the equation for ¥':

In the differential equation, replace 12 by I + k + im and
cancel & cosmaz on the RHS.



