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Fourier Polynomials and Series

0.1 Fourier Polynomials

Fourier polynomials provide a way of approximating general periedie fune-
tions by sums of very simple periodie functions, namely the familiar sine and
cosine functions, shiftied and scaled. We will consider funetions, f{x), that
are 27 -periodie, so that f{x 42+ ) = f{x). For example, any funetion of
the formf (z) = besin (kx) orgix) = aecosikr) , where k is a positive integer
whileae andbe are constants, is 2x -periodie, although it may have a smaller period. That
is, the period of |, saysin(kx) is2 = . 80 that it repeats after every interval of

|I'_'-I1EL|12£ , but then of course it repeats after every interval of length 27 . The

integer k gives the frequeneyof the sine or cosine function, so large values of k
correspond to very wiggly graphs. The numbersa, andb, give theamplitudes.
Recall also that the graph of cos(x) is obtained from the graph of sin(x) by a
horizontal shift ofx /2, and the graph of Acos(kx) is likewise obtained from the
graph of Asin(kx) by a horizontal shift of lengthx /(2k). What do you get if
vou shift the graph of Asin(kx) horizontally by some other distanee? It turns
out that any such horizontal shift of Asin{kx) ean be represented in the form
(1)ak cos (kx) + b sin (kx)

where the amplitude A is equal oy a? 4 b,? . Funetions of the form (1)
are convenient to work with. Sums of such functions, with possibly an added
constant which we denote by |, are ealled Fourier polynomials. Thus a Fourier
polynomial ofdegree nis a funetion of the form Fix) =

iy zq:kcm{kx] } by sin (kx) = ag 4 Zu;.ﬂﬂil[kr} } Zh..sinl[k;r}
" ko "

A Fourier polynomial ean be speeified by giving the Fowrer cocfficients |
- . For example, supposeag — 1, ay = 1/2, ag = 1/8, by = 1/8 |, with all other
cocflicicnts being 0. The cormmesponding Fourier polynomials is then
Fix) =14+1/2cos(x) + 1/8 cos(8x) + 1/8 sin (Bx) . Let’s graph the three
funetionsl + 1/2 cos(z) 1/8 cos(Bx) +1/8sin(8x) , and F(x) on the same
ANCE:
= plot{[1+cos(x)/2, coe(8+x)/8+a1n(8+x) /8, 1+coz(x) [2+cos(B+x) /B+a1n(8+x) /H] ,
x=-P1..P1, color=[blue, greem,black]);
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Note that we only graphed between—a andr |, a practiee we will continue
throughout the worksheet. Observe that the high frequeney term is a shifted sine
with amplitudesy,/1/32 ~ 0,177 and that the graph of Fix) s the superposition
of this high frequeney graph with that of the vertieally shifted cos(x) /2.
It will be convenient to speeify the Fourier eocfficients by giving the con-
stant term |, and then twolisisfor the cocflicentsay ... a, , andby .. &, . The
procedureFPolydefined below, takes the eonstant term | the two lists and the
degree and returns the Fourier polynomial as an expression. For our example,
the coefficicnt list for the a's is [1,/2,0,0,0,0,0,0,0,0,1/8] while the cocfficient list
for the b's is [0,0,0,0,0,0,0,0,0,1/8] Be sure to exceute the next command line.
= FPoly:=proc(al,a,b,n) local k;
alHzum(’alk] *cos(k*x)+b[k]*zin(k+x) "’ 'k’=1. .n); end;
FPoly = proc(allabn)localk; a0+ .-ruml["a[k] = cos(k + ) + b[k] + sin(k » ﬂ:ll"1 R — l..n)end proc;
As an example let’s plot the degree 9 Fourier polynomial F(x) =025 4 0.5 cos (3 =) + 0.25 cos (5x) + 0.125 cos (9

= plot(
FPoly(.2b, [0,0,.5,0,.26,0,0,0,.125]1,[0,0,0,0,0,0,0,0,0],8) ,x=-P1..P1);
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MNote that this is the graph of anepenfunction of x, and that all the sine cocf-
ficicnts were (0. This is an example of the following general fact you will find
nscful.

Odd and Even:
A Fourier polynomial is an even funetion when all its sine coefficients are

0. A Fourier polynomial with its constant term removed is an odd funetion
when all the cosine cocflicients arc 0.

Problem 1.0y trial and crror, estimate the Fourier coefficients of the degree 4
Fourier polynomials whose graphs are shown below. All plots are from—= tox
and (hint) each has no more than 3 nonzero cocfficients.

a)
b)
e)

0.2 The Fourier Polynomials of a Function

If f{x) is & 2= periodie funetion, we define the Fourier cocfficients of fto be
i lﬂ_ﬂrr.f {JT:I*{II ~ = _fiz)cos (k) dx b — __f_"r_f () sin [I:de;rl

m .| i)
Jfork=12_..n
The degree n Fourier polvnomial with these cocfficients is called thedegree n
Fourier polynomial of f The infinite series whose partial sums are the Fourier
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