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Lecture L13 - Conservative Internal Forces and Potential Encrgy

The forces internal to s system are of two types. Conservative forees, such as gravvity; and disapative forees
such as friction. Internal forees arse from the natural dynamics of the system in contract to external forees
which are impoescd from an external sounree.

We have scen that the work done by a force F on a particle 15 given by dW = F -« dr.

If the work done by an imternal forces F, when the particle moves from any position 7 to any position s,

can be exprossed as the difference in s scalar function of ¢ between the two ends of the trajectory,

Wy th--rIr (Vivg] - Ve )) =¥ — G , (1)

then we say that the foree s conservafive. In the above expression, the scalar function V{r) is called the
polenial It s clear that the potential satishes dVY F . dy (the minus sign is included for convenienes ).
There are two main conscquences that follow from the existenee of a potential: i) the work done by a
conservative foroe betwern points vy amd 2 is independent of the path. This follows from (1) sinee Wis
only depends on the initial and final potentials V) and Vo (and not on how we go from vy to ry), and
i) the work done by potential forces is recoperable. Consider the work done in going from point v to

pomnt vy, Wi, If we o, now, from point 5 to vy, we have that Wy Wiz since the total work

Wi | Wy = (¥ W) 1 (Ve Vi) =0

S

In ome dimension any foree which 15 only & honetion of position 15 conservative. That s, if we have a foroeo,
F(x), which is only a function of position, then Fx) dr is always a perfeet differential. This means that we

can dehine a potential function as .
Viz) f F(z)ds ,
Ty
whoere o 15 arbitrary.
In two and three dimensions, we would, in principle, expect that any foree which depends only on position,

F(r), to be conservative. However, it turns out that, in general, this is not sufficient. In multiple dimensions,



the condition for a force beld to be conservative 1s that it can be expresscd as the pradient of a potential

functiom. That s,

Fo=-YV .

This result follows from the gradient theorem, which s often called the fundamental theorem of caleulos,

which states that the mbegral
2
f YV .dr = (Vo - W)
L |

i independent of the path between v sand 7. Thercfore the work done by conservative foroes depends only

upon the endpoints ro and +; rather than the details of the path taken between theon.

*z *z
Feodr = VV-dr= (V, W)

L | L |
In the general casce, woe will deal with internal forees that are 2 combination of consereative amd non-

conservative foroes.

F=Fq | Fyro= ¥VV I Fyo.

Note The gradient operator, V

The gradient operator, W {called “del™), in cartesian coondinates is defined as

). af). )
Yl = — —_— —= .
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When operating on a scalar function V{z,y, z), the result WV is a vector, called the gradient of V. The

components of V'V oare the dernvatives of Voalong cach of the coordinate directions,

?F;%i | %j— I %k_

If we consider a particle moving doe to conservative forees with potential energy Vi, g, z), as the particle
moves from point v = xi | g7 | zk to point v | dr = (z § dx)i | (v | dy)g | (z | dz)k, the potential encrey
changes by dV = V(z | dx,y | dy,z | d2)  Viz,y, z). For small increments dx, dy and dz, and dV, can b

cxpresscd, using Tavlor seres ecxpansions, as

1% 71 ]
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whore dr = dxz | dyy | dzk.

This exqpuation expresses the fundamental property of the gradient. The gracdent allows us to ind the change
im A function indoced by a change i its vanables.

If we write V{x, g, z) = €, for some constant (7, this is the implicit cquation of a surface, which is called a
constant enerey surface. This surface 15 made up by all the points in the o, g, = space for which the funcetion

Vir,y,z) is cqual to (7. It is clear that if a particle mows on a constant energy surface, dV = 0, sinee V' ois



constant on that surface. Thercfore, when a particle mowes on s constant eneregy surface, dr will be tangent

to that surface, and since

0=dV = VV . dr,

wi have that ¥V is poerpondicular to any tangent to the surface. This siteation s illustrated in the pictare

below for the two dimensional case. Here, the constant encerpy surfaces are contour curves, and we can soc

that the gradicnt vector 15 always normal to the contour carves.

Note Gradient operator in cylindrical coordinates

The gradient operator can be expressed in eylindrical coordinates by wnting @ = roeosd, g

T * | i, 0 = tan '{y/x). Thus, applying the chain rule for diferentiation, we hawe

m i-r'i{ ] : i il ) — ) sinf il )
i ir i itr i i r i
m iﬁ | iﬁ Hin-ﬂm‘} I acided . ,
ihy ihy i ihy 7 ih r i

If wo mote that 1 = cosPe,  =nleg and 7 = sinfle,. | oos ey, we hawe that

An exprossion for spherical coordinates can be denved ina simialar manner.

rsin ), and

Conservation of Encrgy

When all the forees doing work are conservative, the work is given by (1), and the princple of work and

energy derived m the last lectuare,
T | Wy =T,

restduoes to,

Tiitvi=T»1 V2



