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Problem 5: (50 points)

Figure 1 shows the armature eireuit and free body diagram for the DC motor diseussed in Leeture 2. Table 1 defines
the variables and parameters, and provides the numerie values for the DC motor used in the Quanser modular servo
gystem.  Figure 2 shows the bloek diagram representation of the DC motor, where the transfer funetion of the

a.r-

Figure 1: DC motor armature cirenit and free body diagram.

- Parameter | Symbol | Dimensions | Numerical Value |
armature voltage Vg (] V
hack EME vpl i) vV
armature current i A
AMMALUre resistance it 1] 2.6

~ armaturc inductanee L. | pH 180
LOTCUE COnSLANT K. 0% - infA 1.088
back emi constant K. mV /Tpm (.84
rotor angular veloeity wit) rad /s
torque of electric origin T=(t) 0% - in
load torque Ti(t) 0% - in
rotor moment of inertia J oF - in - §° 5.523x10°"

' viscous frictional cocfficient | 1 | ow - in/rad/s | 3.240x1077

Table 1: DC motor parameters.
clectrieal subsystem, G p(#), and mechanieal subsystem, &gy (#) are
K,/I Ky 1/ Ky

aml  Gyyls) =

s il 7 Y — s(JJB)+1  smy + 1

Note that the DO gain Ky of the cleetrieal subsystem transfer funetion is different from the back EMFEF constant K.
The state space representation derived in leeture 2 is

R -RfL —K:/L Y\ 1/L 0 Va
sl ( KifJ B[] )I'[‘f' i ( 0 —1/J ) ( Ty )
0 1
(L:) B ( 10 )Im'
1. (10 points) When expressed in the same units, the torque eonversion constant K, must have the same numerie
value as the back EMF constant K.. This fact is proved using the principle of conservation of encrgy. The

DC motor eonverts an instantancous electrical power g, (t) into an instantancous mechanical power p,(t). The
instantancous electrical power
pe(t) = my(L)ilt)

is adsorbed by the dependent voltage souree in Figure 1, and converted to an instantancous mechanical power
Pm(t) = TH(t)w(t)



that iz delivered through the motor shaft. Conservation of enerory demands that

Pe — Pm-

(a) (5 points) Using the fact that p. = py,, show that
'ﬁ:ﬂ H!-.'
where K, is the back EMF constant and K; is the torque constant. Note that for this equality to hold,

hoth K. and K; must be expressed in the same units.

(b) (5 points) Table 1 expresses the torque constant K in units of oz-in/A and the back EMF constant K.
in units of mV /rpm. Determine the numerie value of K in the SI units of N-m/A and K. in the 51 units
of V/rad/s. Show that the SI units of N-m/A are identieal to V/rad/z. Are the numerie values of K, and
K, cxpressed in these units equal?

2. (15 points) In Lecture 2 we used the block diagram representation in Figure 2 to obtain the transfer funetions

(=) K./ JL

Val(s) & +alB)J+ R/L)+ (BB + K _K,)/JL
(2(a) S8/J + RJJL

Ti(s) = +a(B)J+ R/L) + (RB + K.K,)JJL

Now you will determine these transfer funetions from the state space representation. Using the input and

OUEpuL voetors
u(t) (;3“ ) and  yit) (‘: )
L

determine the transfor funetion matrix

H(s) =C(sI - 4)"' B+ D (ﬁ% EHIT::)

that relates Y (s) and U{s) as
Y (=) = H{=)U(=).

Do the transfer funetions 2V, and £2/T}, obtained form the matrix H{s) agroe with those obtained in Loeture
2 from the block diagram representation?

3. (25 points) Using the fact that for a well designed DO motor the cleetrical time eonstant v — LR is sig-
nificantly smaller than the mechanical time constant myy = J/ 13, this problem shows how to approximate the
speond-order transfer 0(s) K.JJL

Vals) & +a(B/J+ R/L)+ (RB + K. K,)/JL
with the first-order transfer funetion

=) K
Val=) ar 4+ 1

(a) (3 points) Determine the numerie value of Ty, Ty, and the ratio Ty /7 using the numerie values provided
in Tahle 1 for the Quanser DC motor.

V 7z (%) Gy, (5) = ()

Figure 2: DC motor block diagram.



