Math 2250-4
Wed Jan 25

2.2 Autonomous differential equations and applications
2.3 Improved velocity models.

Final intro to Maple session in LCB 115:
Wednesday 3-3:30 pm.

Exercise 1 (vocabulary): Yesterday we discussed equilibrium solutions and stability for aufonomous first

order differential equations. What do these words mean?
a) autonomous first order differential equation:

b) equilibrium solution to autonomous DE.

c) stable equilbrium solution.

d) unstable equilibrium solution.

e) asymptotically stable equilibrium solution.

now go finish the discussion on last pages of Tuesday's notes... did anyone think of an example of an
autonomous first order DE for which there 1s a stable equilibrium solution that 15 not also asymptotically

stable? We might play with dfield too...



Application: harvesting a logistic population.__text p 97 (or, why do fisheries sometimes seem to die out
"suddenly"7) Consider the DE

P (ty=aP—bP —h.
Notice that the first two terms represent a logistic rate of change, but we are now harvesting the population
at a rate of /1 units per ime. For simplicity we'll assume we're harvesting fish per year (or thousands of
fish per vear etc.) One could model different situations, e.g. constant "effort” harvesting. i which the
effect on how fast the population was changing could be ;i P instead of P .

For computational ease we will assume a =2, =1 . (One could actually change units of population and
time to reduce to this case.)
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This model gives a plausible explanation for why many fisheries have "unexpectedly” collapsed m modern
historv. If & <2 1 but near 1 and something perturbs the system a little bit (a bad winter, or a shight
mncrease i fishing pressure), then the population and/or model could suddenly shift so that P{¢) —0 very
quickly.

Here's one picture that summarizes all the cases - you can think of it as collection of the phase diagrams for
different fishing pressures 1 . The upper half of the parabola represents the stable equilibria, and the lower

half represents the unstable equilibria  Diagrams like this are called "bifurcation diagrams”. In the sketch
below, the point on the A- axis should be labeled =1 _ not 2 . What's shown 15 the parabola of

equilibrium solutions, ¢ = 1 iﬁ."l—h=i-e.2-::—-::2—Fz=ﬂ,i.e.?z=ﬂ'{2—c}.
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