SYMMETRIC MATRICES Math 21b, O. Knill

SYMMETRIC MATRICES. A matrix A with real entries is symmetric, if A7 = A.

EXAMPLES. A = [ é g I B symmetrne, 4 = [ :I ; l % not symmetric.

EIGENVALUES OF SYMMETRIC MATRICES.  Symmetnic matrices A have real eigenvalues. |

PROOF. The dot product is extend to complex vectors as (v,w) = 3}, Ty, For real vectors it satisfies
(v,w) = v-w and has the property {Av, w) = (v, ATw) for real matrices A and (Av,w) = Alv, w) as well as
(v, Aw) = Mo, w). Now A{v,v) = (A, v) = (4w, v) = (v, ..-'-‘IT'E'} = (v, Av) = (v, Av) = A{v,v) shows that A = A
becanse (v, v) # 0 for v #£ 0.

EXAMPLE. 4 = [‘: _F‘* ] has eigenvalues p + ig which are real if and only if g = 0.

EIGENVECTORS OF SYMMETRIC MATRICES. | Symmetne matnces have an orthonormal eipenbass

' PROOF. If Av = Av and Aw = pw. The relation Afv,w) = (Av,w) = (Av,w) = (v,ATw) = (v, Aw) =
(v, prr) = priw, w) = only possible if (v, w) =0 A &£ pu

WHY ARE SYMMETRIC MATRICES IMPORTANT? In applheations, matnees are often symmetne. For ex-
ample in geometry as generalized dot products v- Av, or in statistics as correlation matrices Cov| Xg, X
or in quantum mechanics as observables or in neural networks as learning maps r — sign{W =) or in graph
theory as adjacency matrices ete. ete. Symmetne matrniees play the same role as real pumbers do among the

complex numbers. Ther eyrenvalues often have physical or peometnical mterpretations. One can also caleulate
with symmetric matrices like with numbers: for example, we can solve 7% = A for B if A is symmetric matrix

and B is square root of A)) This is not possible in general: try to find & matrix B such that B = [g :] l

RECALL. We have seen when an eigenbasis exists, a matnx A can be transformed to a diagonal matrix
B = 5 '48, where § = [m,...,vn|. The matrices A and B are similar. B is called the diagonalization of
A. Similar matrices have the same characteristic polynomial det(B — A) = det{S—"{4 — A)8) = det{A — A)
and have therefore the same determinant, trace and epenvalues. Physicsts call the set of eigenvalues also the
spectrum. They say that these matrices are wospectral. The spectrum 15 what you "see”™ (etymologically
the pame ornpins from the fact that in quantum mechanies the spectrum of radiation can be associated with

elpenvalues of matrces.)

SPECTRAL THEOREM. Symmetric matrices 4 can be diaponalized B = 5" AS with an orthogronal 5.

PROOF. If all esrenvalues are different, there s an eyrenbasis and disponalzation 15 possible. The mpenvectons
are all orthoponal and B = 5 "AS is diaponal containing the eipenvalues. In peneral, we can change the matrix
Ato A = A+ (C — A)t where € 15 a matrix with parwse different eigenvalues. Then the eigenvalues are
different for all except fimtely many . The orthoronal matriees S, converpes for ¢ — 0 to an orthogonal matrix
S and 5 diaponalizes A.

WAIT A SECONID ... Why could we not perturb a peneral matnx A; to have dispoint eigenvalues and A could
be diagonalized: 5;7'4,5, = B,? The problem is that 5; might become singular for £ — 0. See problem 5) first

practioe exam.

EXAMPLE 1. The matrix A — [ . 2 I R WO RN SCTEAT WS WU, | NOUNENCHP CONI [ i l,r,ﬂ

mdu,=['1] ].l"u"ﬁ.ThE}rareurthugunal. The orthogonal matrix § = [ v w2 | diagonalized A.
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EXAMPLE 2. The 3 x 3matrix A = | 1 1 1 | has 2 eigenvalues 0 to the eigenvectors | 1 -1 0 |,
1 1 1

|1 0 —1 | and one eigenvalue 3 to the eigenvector | 1 1 1 |. All these vectors can be made orthogonal
and a diagonalization = posmible even so the eyrenvalues have multiphoties.

SQUARE ROOT OF A MATRIX. How do we find a square root of a piven symmetne matnx? Becanse
S-'45 = B s diaponal and we know how to take a sguare root of the diagonal matrix B, we can form
| C= 5+ B5-" which satisfies 2 = SvVEBS'SvES ' = 585" = A.

| RAYLEIGH FORMULA. We write also (¥, 1) = @-wf. I @(t) 15 an eigenvector of length 1 to the egenvalue A(t)
of & symmetne matrix A(t) which depends on £, differentiation of (A(t) — AM))@(t) = 0 with respect to § gves
(A"— Ar+{A— A" = (. The symmetry of A—X mmphes 0 = (v, (A"— X))+ (v, (A-A) = (v, (A"— A" ). We
see that the Hayleigh qmtient.l Al = [A'w, 'r.'}l i5 & polynomial in ¢ if A(f) only involves terms ¢, 2, . t™. The
1 ¢
& 1
7=, 1],."-...-"§ to the eigenvalue A = 5. The formula tells that A'(2) = (A2}, 1) = [‘ E a
Alt) = 1+ {2 has at £ = 2 the denvative 2t = 4.

formula shows how At) changes, when ¢ varies. For example, A(t) = I has for £ = 2 the eprenvector

#,i) = 4. Indeed,

.- EXHIBITION. "Where do symmetric matnees oocur?” Some informal motivation:

) PHYSICS: In gquantum mechanics a system & desenbed with a veetor v(t) which depends on time £, The
evolution = riven by the Schroedinger equation v = ithly, where L 15 a symmetric matrix and b s a small
number called the Planck constant. As for any linear differential equation, one has v{t) = ™™ o{l)). If v{0) is
an eigenvector to the eigenvalue A, then v(t) = 82110, Physical observables are given by symmetric matrices
too. The matrix L represents the energy. Given v(t), the value of the observahle Ait) 18 vit) - Av(t). For
example, if v B an elgenvector to an epenvaloe A of the enerpy matnix L, then the energy of o) s A
This 15 called the Heisenberg picture. In order that w- Aft)v =
v(t) - Av(t) = S(t)v - AS(t)r we have A(t) = S(T)*AS(t), where
8* = 87 & the correct generaltzation of the adjoint to complex
matrices. S(f) satmfies S(t)"5(f) = 1 which 15 called unitary
aml the complex analopue of orthoponal. The matrnix Af) =
S(t)* AS(t) has the same eigenvaloes as A and 15 similar to A.

IT) CHEMISTHY. The adjacency matrix A of a graph with n vertices determines the graph: one has Ay =1

if the two vertices 4, j are connected and zero otherwse. The matnx A 15 symmetne. The eigenvalues Ay are
real and can be used to analyze the graph. One interesting quesition 15 to what extent the eygenvalues determine
the graph.
In chemstry, one 15 interested 1o such problems because it allows to make rourh computations of the electron
density distnibution of molecules. In this so called Hiuckel theory, the molecule = represented as a praph. The
eigenvalues Ay of that graph approximate the energies an electron on the molecule. The aigenvectors describse
the electron density distnbution.

- This matnx A has the epenwalue () with
1111 multiplicity 3 (ker{A4) is ohtained im-
0000 mediately from the fact that 4 rows are
00 00 . e same) and the eigenvalues 2, —2.

00 0o The eigenvector to the eigenvalue +2 &
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The Freon molecule for
example has 5 atoms. The
adjacency matrx s

—t =k =L =L

X, then [A|lw = E[(Xe — E[Xe])( X1 — E[Xi])] = E[XeX]] - J:*.’[Ik]H[I:] 15 called the covariance matrix of
the random vector X. It is a symmetric 7 » n matrix. Disgonalizing this matrix B = 5" A5 prodoces new
random vanables which are uncorrelated.

. I} STATISTICS. If we have a random vector X = [X,--- X;] and E[X}] denotes the expected value of

For example, if X 15 15 the sum of two dice and ¥ = the value of the second dice then E[X] = [(1 + 1) +
(1+2)+ ...+ (6 + 6)]/36 = 7, you throw m average & sum of 7 and E[¥Y] =(1+2+ . +6)/6 = 7/2. The
matrix entry Ay = J':‘|II2| — E|X]? =L[l + 1)+ {1 +2) + . + (6 + 6)]/36 — T* = 35/6 known as the variance
of X, and Ay = E[Y? - E[Y]? = (1* + 2 + __ +6%)/6 — (7/2)* = 315/12 known as the variance of ¥ and

Ayz = E[XY] - E[X]E[Y] = 35/12. The covariance matrix is the symmetric matrix A = | S0/0  35/12
- ' 15712 25712 |




