Stat205B: Probability Theory (Spring 2003) Lecture: 23

Local Martingales and Quadratic Variation

Lecturer: Matthicu Cornee Seribe: Drian Milch milch@cs.berkeley. edu

This leeture ecovers some of the technical background for the theory of stochastie integration. First,
some notation: M = (M;)i>0 is a process, and F = (Fy)ezo i3 a filtration. We assume T is right-
continuous and complete (F; ineludes the null sets for each £). If 7 is a stopping time, then M7 is
M stopped at time

M™ = (Mias)izo

23.1 Local martingales

Definition 23.1 A provess M s o local martingale wrt. F if

1. M s adapted to F, that s, ¥t My c Fu

2 there emists a sequence (1,) of stopping times such that 7, | o0 as, and M™ s a true
martingale for cach n.

Definition 23.2 M is o local [? martingale if it satisfics Def 221 with M™ being an 12
maritngale for cach n.

Other terms of the form “loeal < adjective > martingale (e.g., loeal bounded martingale) are defined
similarly: wo require that cach M™ be an < adjective > martingale. Note that “< adjective > loeal
martingale means something different: if we say that M is a bounded local martingale, we are saying
that M is bounded and itz a local martingale; were not sayving anything speeial about the M™.

Remark 1: If M is a continuous loeal martingale, then we ean take the M™ to be bounded

martingales. We ean do this by letting v = inf{¢ : |M;| > n}; then since the paths are continnous,
|[M™=| < n.

Remark 2:  Any contimious bounded loeal martingale is a true martingale. To see this, note that
Mm™ 1 M. and sinee M is bounded we can apply the dominated convergenee theorom.

Definition 23.3 Deofine the variation of M over the interval [0, t] as:

Vilw) sup [ My (w) - My, ()]

msM .
[ I I I B B

Then M has locally finite variatlon if Vi dC| < 0o V) < O everyuwhere.
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Fipure 23.1: A localization armument involves proving a claim about a proesss X for those ¢ and w
such that ¢ < 1, (w)  that is, those (¢,w) pairs to the left of the =, eurve in this diagram — and

then letting n — oo,

Proposition 23.1 (finite variation martingale) If M is a confinuous local martingale of locally
finite variation then M = My a.s.

Proof: We ean reduee this to the ease where M i3 a true martingale with bounded variation and

My = 0 as. The reduction uses a localization arpument: it suffices to show that M™ = Mo as. for
cach n, and cach M™ is a true martingale. See the first paragraph of Kallenbergs proof (p. 330) for
details, and Figure 23.1 for intuition.

Now for a fixed ¢ and =, let £; = 2. Let:

FlL

'E'r: & Z{M!-.: M!1-1 ]‘}

il
< {m:_’u:lﬂ'f:._ Ma._.|}l’r:

» Das  sginee ¥ iz bounded

Note that £, < V2 for all n and EV? < oo, so the dominated econvergenee theorem implics E, — 0
as. But:

Et, E{Mf Mg} bw orthoponality of mantingale inerements
EM? beeause EMG =0
S50 EME 0, which implics M; — 0 as.

We have proved this for arbitrary ¢, 0 we know Vi P{M, = 0) = 1. But we want to show PVt M,
) = 1. We do this by noting that ¥t P(M; — 0} = 1 implies P(¥t ¢ Q' M, = 0) = 1, and then
coneluding that P(¥t My = 0) = 1 becanse M has continnous paths. L

This proposition is used in proving the uniqueness of the eovaristion process (Thm. 23.5).

23.2 Stochastic integral of a step function

We want to define the stochastie integral j'; YdX, where (X)) and (Y;) are both proecsses, and
J;: YdX ) is another proeess. Kallenberg also uses the notation (Y - X)), as a synonym for _l;: YdX.
he following definition handles the easy speeial caze where Y is a step process:
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Definition 23.4 Suppose we have a process X | stopping times 7, | 0o, random varables g © Fo |
and a predictable step process:

Vi = zm‘ltn-,ﬂ:ulif]
ke

That is, Vi equals 1y on (v, 7|, 1 on (m, |, e¢te. Then the stochastic Integral of the step
process V' ownth mespeet to X ia:

(V-X) =Y m(X,, - X, (23.1)
[

Itecall that };'51 iz the proeess X stopped at time £, and evaluated at time . S0 if = > ¢, then
X: =X

One way to understand the stochastie integral is to imagine that I,‘.H , — A1, is the Auetuation of a

market between times 7 and 74, and 5 18 our “bet, or the number of shares in the market that

we own between 7, and 1. Then j},[ FdX is the amount we gain in the market up to time £ By
extending our definition of the stochastie integral to handle processes other than step proecsses, we
will be able to model investment strategies that change the bet continnously.

Note that sinee (V- X') depends only on the changes in X
(V-X)e =(V-(X — Xo)k

Itecall that a martingale M is in L2 if sup, EM? < oo

Proposition 23.2 For any continuous L?-martingale M where My = 0, and any predictable step
process V' owhere |V| < 1, the process (V- M) 18 an L?-martingale with E{V - M) < EMZ.

Proof: First assume there are only a finite number of nonzero terms in V. We use the following
lemma from Chapter 7 of Kallenberg:

Lemma 23.3 [f M is a confinuous martingale, v i3 a stopping time, and { © F;, then the process
(Ng) = (¢(M, — M) 1= also a martingale.

This proeess Ny is zero up to time 7, beecanse for those times My = M| Fort =+, Ny = (M, — ¢ M+
We can rewrite the definition of (V- M) as a sum of processes of this form (sce equation (1) in
Chapter 17 of Kallenberg). 5o from the lemma and the assumption that the sum is finite, we can
conelude that (V- M), is & martingale.

We still have to show E(V - 1'||.:f_‘]!E < EM?-

2
E(V-M3? = E(Zf,.,w;m -M,EE])

E (Zﬂztmﬁu . M}_E]E) b2 (Zr;-mjm:w - M1 )My, M::})

ke iy



