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More Functional Delta Method; Quantiles

Lecturer: Michacl I. Jordan Seribe: Chris Haulk

1 Motivation

Last lecture we developed a funetional delta method that using the notion of Gateaux derivative. With

Flbe — P) = (%.;5{[1 P !ﬁ,}l) — IFy p{x)

()]

Wi Write :
d(fn) —olF) = — Zf&.v{xﬂ + I,

and hope to show that Ep[IFg (X)) = 0, Varp[lFs p(X)] = +*, and nln = op(1). Then the CLT gives

Va(d(Pa) — (P)) -5 N(0,4%).

Showing that Ep[lFy p(X)] = 0 should not be too hard, and calculating a varianec at some point probahly
cannot be avoided if we want to show asymptotie normality of /m(¢{ ) — & P)). However, showing that
vilt, = og(1) may be difficult, depending on ¢ and P. For a delta method that avoids this last step, we
will modify our notion of derivative.

2  Delta Method via Hadamard Differentiability

Let I and E be normed linear spaces and suppose ¢ 2 Iy — E where Dg © I We say that ¢ is Hademard
differentiable at 8 if there is a continnous, lincar map ¢ - I — E such that

HM + thy) — $(0)

£

¢l —o0 astelo

for every sequenee hy — kb such that 8 4 th, © Dy, for all sufficiently small . If it is possible to define ¢ only
on A subset By © I and the sequences b, above are restricted to have limits & in Dy, then ¢ is said to be
Hadamard differentiable tangentially to Dy.

Theorem 1 (Delta Meithod)., (van der Vaart, 1998, 200.8) Let D and E be normed bnear spaecs. Lot
@:Dy C V- E be Hadamard differentiable at 8 tangentially to Dy, Let T,, 2 1), — Dy be maps such that

iIn —0) T for gome sequenece of numbers r, — 00 and a random element T that takes values m Dy

Then ra($(Ts) — $(8)) — 85(T).

Proof. Define gy (h) = ro(${0 + hfry) — &(8)) for h € [h: 0+ hfr, € D,). By Hadamard differentiability,

gt (hnt) — @(k) for every subsequenee hne — b © Dp. Therefore gn(re(T= — 8)) £, dglT) by the extended
continuous mapping theorem 18.11. ]



2 More Functional Delta Method: Quantiles

3 Applications and Examples

Last lecture we used the Gateaux funetional delta method to prove asymptotic normality of the Mann-
Whitney test statistic. We will prove this fact again uging the Hadamard version of the functional delia
method.

Lemma 2. (van der Vaart, 1998, Lemma 20.10) Let & - [,1] — R be tunee continuously differentiable.
Then the funetion (Fy, Fy) — [ $(F))dF; is Hadamard-differentiable at every pair of functions (), F3) such
that F; ¢ D|—oc,00] and F; has bounded variation. The derivatine is

(1, ha) s hadbo Fy |2, — J,f hadd o F, 4 f &' (Fy)hydF.

Here, h. denotes the lefi-rontinuous version of b
Proof. Sce toxt. |

Now suppose at time i we observe two independent random samples Xy, . X ¥y, . ¥, from distributions
F and 7, respectively. Let N, = my, 4 n,, and suppose m/N — A € (0,1) as v — co. By Donsker's theorem
and Slatsky’s lemma,

d (EF G

VN(Fp — F,.Gp —G) - T

for independent Brownian bridges G and G, Let éix) = r and apply Lemma 2010 together with the
functional delta method to see

VN ( f Fond G - f Fm:') -, jr%dﬁ‘ ' f ‘3—,’1’:;11

That the limit distribution is Ganssian follows from a generalization of a well-known result for finite di-
mensional proeesses, namely that continnous linear transformations of Gaussian processes are Gaussian.
Alternatively, note that Thm. 2008 implies that the limit variable is the limit in distribution of

f VN(Gn — G).dF + f VN (Fn — F)dG,

rewrite the expression above as a difference of sealed, centered sums, and apply the usual CLT.

4 Quantiles

The quantile function F~1:(0,1) — R of a cumulative distribution function F is
F- '-[p] = inf{x : F(x) > p}.
The quantile function has some nice properties:

Lemma 3. (van der Vaarl, 1998, Lemma 21.1) For 0 < p < | and xr € R,

o F '(p) < x iff p < Fix)
« FoF () 2 p
s J 'nF{:r.:I < T
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. .F'_nF_II{p:I < p where F_ denotes the left confinuous version of F
e FlogFofF1=F
e (FoB) '=@ "o F!

Proof. Chase definitions, or soe the text. [

In the next leeture we will see that 5 quantiles are asymptotically normal whenever F is differentiable with
positive derivative at F! (p), that is,

- . d p(l —p)
‘u"ll_ﬂ{Fﬂ I'[F'] — I l'[F'}] - 0 N(ﬂr IEEF—iipﬂ)'

For now we will merely ealeulate the influenee funetion of $,(F) = F~'(p). Assume that F o F~1(p) = p.
Let Fy = (1 — ¢)F + ;. By the definition of F, the equality p = F; nF'["l[p] can be rewritten as

p= (1 OF(F, ' (p) + t8.(F, ' (p)-

Differentiating both sides with respect to ¢, we get

0= —F(F ' (0) + (1 - OF(F ()5 F () 4626 (0) + 66,2 K ()

and sctting ¢ — 0, we can solve for the influence funetion (£ F, ' (), 0.

(F ') 25) —p

Hoals) = ——F1)
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