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I've produced a set of ammations showing the time evolution of vanous wave functions 1 varions
potentials according to the Schrodinger equation. The point 15 to illustrate graphcally some of
the behaviors and points rased o lecture a5 well as to show some new and interesting quantam
behavior beyond lecture (and beyond what you're responsible for this course).

The ammations are MPEGA format movie files. Most movies have arbitrary tune and space amits,
00 we are Just studyving the gualitative behavior here. | penerated the movies wsing matlab, |
mnclude the source codes that penerate these movies if you're interested and want to play with them
(however, the comments are not great so ask me if you want to know what is going on). The matlab
creates individual frames as JPEG images. 1 then use a free software (like MPEQG Streameclip on
Mae: (05 X)) to take the JPEQ files and string them into a MPEGA movie. Another choiee would
have been to nse the getframe and movie functions in matlab to show the animation inside matlab
iself  but for some reason this wasn't working for me.

1 Barrier tunneling: tunneling. mp4

The udea here = to launch a particle at a barmer and to see 1t reflect and part of 1t be transmitted.
To be able to talk intellipently about a particle coming from one side and going to the other side
of the barner, we must be dealing with a wave packet that s reasonably localised nspeace.

For thas barrier tunpeling amimation, the potential s zero everywhere except in the regron —1 <
x < 1 where it has a height of 1. (You can see what 1 mean about arbitrary units). For purists,
the units of distance are Bohr radii and of energy are Hartrees (1 Hartree 272 @V). In these units
h?l.l"ﬂ: | for an electron and we might as well set b — 1 and e — 1 to make Life easy.

We want to lannch a wave packet with a pretty well defined enerey. ' We will be lannching it from
the lefi (negative ) moving to the right so that it hits the barrier. The reflected wave will bounce

back and move leftwards in the negative = region while the transmitted (tunneled) wave will be
mowving riphtwards in the positive x region.

Since the potential s Hat in the left region outside the well where we are starting the wave packet,
its enerpy 15 purely kinetic: F ;FI.I"{E:'H.:I_ S0 a very well-defined enerpy means a very well-defined
moanentum, but then the wave packet will have to be very wide by Heisenberg uncertainty,. We
must make a tradeoff. Here 5 a reasonable one: the imitial starting wave s
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This represents a (Ganssian) wave packet of width o centered around zo, with an average momen-
tum of hky and moving nghtwards for g = 0, amd O 5 8 normabzation constant. The animation



was penerated o — 20, by — 1, and xp ). Then this evolves according to Schrodinger’s equation
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The smmulation runs from £ — ) when the wave packet bepins to move to the nght until the time
i L/(2hky /m). The logic is that if the wave packet has an average momentum fikg, then its
average speed s hkg/m amd thus this time is the time it takes it to go the distance L2, Here the
r-axis o from — Lo to Loso the packet would move half the plotted range if there were no barmer.

With a chowe of &y — 1, the average enerpgy of this packet 15 hz.lr.al."[ﬂfn} 1/2 — 0.5. However, due

to the uncertainty principle, the width o gives some uneertainty in momentum and thus enerpy. For
this case, the spresd in energy is about 0,05 which is not that large (the energy spread is 10% the
average value). For an energy of (L5, a barrier height of 1.0, barrier width of 2, and with h.i,-"m 1,
the penetration depth 1s
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aml the tunneling probability =
Pomna — exp{—2 » width /i) — exp(—4) = 1.8%.

You can check that due to energpy varation, the tunneling probability will also vary, but not by
much: for the lower enerpy range of 045 it is 1.5% while for the hipher energy range 0055 it s 2.2%.
S0 we expect about 2% tunneling probability.

What is plottex in the movie are the wave function ¥, t) and also the probability density |¥(x, E.:IF-
Specifically, for each time £, we plot the spatial distribution ¥(z, ) i other words snapshots.
Since P is complex, to honestly plot it one must plot both the real and imaginary parts (top two
panels in blue and red, respectively). But you can just look at one or the obher and the probability
density to Bepure out what s happemng; for our purposes, there 15 no real interest in © having a
real and mmaginary part. Facts to note:

o As the movie rolls, the wave packet moves to the nght as it should, It looks ke it = ngdly
being translated (Dot exactly correct, but the changes are very small and barely visible).

# When it pets to the region close to the ongn, more imteresting things happen. Part of the
packet pets relected by the barmer and part of it tunnels throngh, But while the packet 1
imm the barner regon, there are lots of comphcated looking oscillations as the wave interacts
with the barrier.

o After a short time, most of the packet 15 reflected. You see a reflected packet depart leftwards
away from the barmer.

e However, as the reflected packet goes its way, a small transmitted (tunneled) packet moves
away to the right! This 15 the effect of quantum tonneling.

o After the packet lesves the region of the barner, the remamder of the evolotion looks pretty
standard: two packets, each moving their osn way and ot interacting with each other.



e For those of you who want to think more deeply, if thas wave packet represents an electron, we
have wave unction amplitude on both sides of the barmier and moving in opposite direction.
And vet this represents a single electron: if yvon decide to measure to see which side the
electron s on, you'll iind it only on one side or the other. The outeome s probabilstie. But
for any miven measurement., if vou see it on the left and reflected, then the amplitude on the
right muest vamsh after the measurement. And viee versa, Quantum “particles” can become
hirhly delocalized in a very unintuitive way: the “particle”™ has been split into to parts each
moving in oppaosite directions and petting farther apart, and yvet 1t 15 one coberent object
when yon measure 1if. ..

2 A free particle: free_particle sig=20.mp4 & free_particle_sig=>5.mp4

We didn’t diseuss this case in lecture, but it s some sense the simplest system. Namely, a particle
that feels no potential anywhere so 7 — ) everywhere. The classacal analopne 15 a particle that
feels no forece. We'd expect it to just const along at constant speed forever.

The first movie free_particle_sig=20.mp% has the same starting wave packet as the tunneling
example above (but of course no barrier). As you ean see, the packet just moves along at constant
spesd. If vou look really carefully, you might notice some shght changes as 1t moves, but they're
hard to see.

The second movie free_particle_sig=5.mp4 has a starting wave packet that is four times narmower
n space with & — 5 instead but with the same momentum k. For this case, as the wave packet
center moves to the right with the same speed as before, 15 width inereases and its beight decreases
dramatically. (It “Hattens™.) This effect is due to what is called dispersion.

What 1= going on? A wave packet 1s spatially localiesd and thus omst be made up of a superposition
of different wavelengths, For the & — 20 wave packet, Heisenbenr uneertainty saovs cAp = R so we'd
expect a spread in momentum of about Ap — &/20 — 0.05 in our units. The average momentum is
1.0 50 this 15 pretty small: the wider packet = made up of & narrow range of momenta or wavelengths
(de Broglie). The narrower one has Ap — 0.2 which is now something like 20% of the average and
1% large: 1t has a mch wider set of wavelengths or momenta composing it.

Now for an electron wave, were it to have a well-defined wavelength (ie. be monochromatic or a
pure sine wave ), then its momentum p — /A would be well-defined, its energy E :'J-E,-"-I:‘.F.':m} Lso,

aml the Einstein relation £ — hf would give a frequency of f hl.'rl[ErmJl.z]- Motice that the wave
spessd v — fA — hf(2mA) depends on A! So different wavelengths move at different speeds.

Thix may seem bizarre: for light in vacuum ¢ — A 15 a constant. But the situation s actually quite
peneral. Sound, water, and other materal waves penerally have wavelenpth dependent speeds of

propagation. And even light, once it enters a material, has its speed reduced from e to ¢f/n where
7 is the index of refraction and in general the index depends on lambda, so n{A). This wavelength

dependence of the index 1 chromatic dispersion and makes a prism work.

For the electron wave packet, what this means s that we have a superposition of different wave-



