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5. Estimati ¢ P I

1. Point and Interval Estimation.

Properties of Estimators. Let & be an estimator for &
a. Unbiassedness (E(5) =g .
b. Consistency (As sample size pets larger, estimate gets better).
c. Efficiency ( & has a small variance). Define BLUE.
d. Maximum Likelihood ( & is the value of & that is most
likely to have prodoced the observed data) .

2. A Confidence Interval for # When O is Known.
p =X *L 0% You can only use this when you know the population
vanance. Don't forget that there are two formulas for the standard
error depending on sample size! &y 1s the standard ermor

An interval of this type 1s used in two situations:
(i) where the population variance, o2, is in fact, known and the sample
size 15 relatrvely large; or
(i1} where the variance is not known and the sample variance, s° | is
used to replace o ¢, but the degrees of freedom (rn- 1) are so large that
the appropriate value of ¢4 is not very different from z .

The first of these situabons 15 not very realistic, but serves as a good
miroduction to confidence intervals. The formula for ths type of

confidence interval for the mean is, # —X izﬂ,é O% wheme Of = 5/;; .
v
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Note: If n = 03N, use o; = ?- l'ﬁ‘_ I
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( T is sample size and IV is population size)

Example 1: Assume that a population is Normally distnbuted wath an
unknown mean and a population standard deviation of 36.
(x ~ N12,36)) From 2 random sample of size n =9, we get a sample
mean of 02. (Because the population vanance 1s known we can 1gnore
any sample vanance we might compute from the data ). Find a 95%
confidence interval for the mean.
Step 1: State the confidence level and significance level.
The given confidence level of 9576 represents the probability that
the interval acmally contains the mean and 1s stated as 1- & =_93.
The sipmificance level of 3% represents the probability of being



wrong and 15 & =_05.
Step 2: Find the appropriate value of £. Use the last line of
Table 18 (or Table 17) in the Syllabus Supplement to find

Z,; =Zps; =1.960 (the bottom number in the .025 column).

Note that ngher confidence levels give larger values of Z | and
thus larger confidence intervals.
! + 30
Step 3: Find the standard error. oz =%/ — = T — =12.
B |
Note that larger values of 11 make the standard error and the
confidence nterval smaller.

Step 4: Put it together. u =X *Lo: 05 =62 +(1.960)l12)

=02 =23.32 | The last part of this expression means that the
interval extends from 62 — 23.52 =38 48t0 62 + 23.52 = 35.52.

The result can be written P, 38.48 = =85.52] =.95.

Example 2: Assume that a population is Normally distributed with

an unknown mean and a populafion standard deviation of 36.
{x ~ N(236)! From a random sample of size n =0, we get a sample

mean of 62. (Because the population vanance 1s known we can 1gnore
any sample varance we might compute from the data ). This ime find
2 99% confidence mterval for the mean.

Step 1: State the confidence level and significance level.
The given confidence level of 95% represents the probability that

the mnterval actually contains the mean and 15 stated as 1- & = 99.
The significance level of 1% represents the proebability of being
wrong and 15 ¢ =_01.

Step 2: Find the appropriate value of Z. Use the last line of
Table 18 (or Table 17) in the Syllabus Supplement to find

Z,; =Zyz =2.376 (the bottom number in the .005 column).
Note that mgher confidence levels give larger values of Z |

and thus larger confidence intervals.
36
o, =9/ — =— =12
Step 3: Find the standard error. /v n /g
No change from example 1.

Step 4: Put it together.
u =% =z,0, =62+(2.576/12) =62 +30.91,

The result can be written P|31.09 < =92 91 =199

Or make a Normal curve with 62 in the middle and 31.09 and 52 91

on the sides. Label the area het'i.men 31.09 and 92 .91 with 99%,
the area below 31.09 with 0.3% and the area abowve 9291 with

0.3%.

Definitions:

Note that if we are considering the possibility that the

population mean is 30, we can now say that, since this value 15
on the confidence interval, that the mean 1s not sigmficantly
different from 30.



However the mean 15 sipnificantly different from 20 or 104.
Remember that a confidence level 1s the probability that a given
confidence mnterval is correct. The usual interpretation of a
confidence level of 95% is that if we take samples of 1 items
and use the methods grven here many times, 93% of the ime
the interval will contain the population mean. The significance

level 15 the probability that the interval will not contain the
opulation mean. If we say that the populahon mean 1s

significantly different from 20 and our sigmificance level 1s 3%,

we are saying that there 1s a probability of 3% or less that the
observed data could have been generated by a distribution with

a populaticn mean of 20.

3. A Confidence Interval for + When < is not known.
=X iE:.:,}' 1'55 This is what you actually use most of the time!

All that " @ unknown" means 1s that we do not have a value of the
population variance. If yvou only have the sample vanance, use the t

table.

Finding degrees of freedom 1s easy. In most of the problems that we do
the numbers of degrees of freedom 15 one less than the sample size or

11— 1.The value of € that you need should be in Table 18 in the

Syllabus Supplement. Each row represents the number of degrees of
freedom given by the “df” column. It 1s a good 1dea to take a maler and

put a line across the table after every 10™ row. Note that the table skips
values after 100 degrees of freedom, but a good guess 1s always possible,

for example the =1.659.

"The vanance 15 not known " imples no previous l-JlﬂTp'-‘]EdgE or
assumption about the ﬁlue of the populafon vanance, o . Knowing
the sample varance, s° is having a good guess as to what the variance

15; It 15 not the same as knowing the vanance.
If the population distnibution is normal or approximately normal, the

| 1]
formula for a two-sided confidence interval for the mean is M =X ﬁc{; X 5
2
| N -
where 53 =7.‘ .Note: If n = _03IV, use 5; = ,5_ IWI'IT ﬂ
Y1 -.I.Iﬂ 1|I -rl" - l

Be careful — It 15 a common error to think that a new population size 1s
actually a sample size.

Note: this is the more common case — if you do not know the
population variance and the sample size is not very large, using z
instead of t is a very bad idea.

Example 1: We have a random sample of 10 homes. The sample

mean of expenditures on maintenance is $838 with a sample standard
deviation of $110. Construct a 93% confidence interval for the mean.

Stepl: State the confidence level and sigmificance level.
The given confidence level of 93% represents the probability that

the mnterval actually contains the mean and 15 stated as 1- & = 95.
The sigmificance level of 3% represents the probability of being
wrong and 15 & =.05.

Step2: Find the appropriate value of T Use Table 13 in the



