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Abstract

We confront the theoretical and practical difficullies
of computing a representation for two-dimenstonal shaps,
based on shocks er singularities that arise as the shape’s
boundary is deformed, First, we develop subpizel local
detectors for finding and classifying shocks. Second, we
show that shock patterns are not arbilrary but obey the
rules of a grammar, and in addilion salisfy specific topo-
lomical and geomelric constramls. Shock hypotheses thal
violale the grammar ar are topologically er geometrically
invalid are pruned to enforce global consistency. Sur-
vivors are organized info a merarchical graph of shock
groups computed tn the reachion-diffusion space, where
diffuston plays a role of regularization to determine the
significance of each shock group. The shock groups can
be functionally related fo the object’s parts, protrusions
and bends, and the representation 1z suited fo recogni.
tion; several eramples tllustrate its stability with rota-
frons, scale chonges, occlusion and movement of paris,
even at very (ow resolufions.

1 Introduction

What does il mean to recognize an objecl from ils
shape? Informally, this implies an identification of the
shape with & familiar category or class of objects, Fig-
ure 1. This noticn of eategorization 15 crucial to many
vision taske, such as searching a database of shapes
rapidly, reasoning about the attribuies of new or un-
famibar shapes, efc. Curiously, whereas this ability to
categorize appears o come naturally and effortlessly to
humans, it has been extremely difficult to formalize for
computers. In this paper, we address the computational
aspects of this problem; specifically, we Investigate Lhe
description of generic shape classes from the mathemat-
ical perspective of curve evelution.

Figure 1: These birds are effortlessly grouped into two cate-
gories, based on similarity in “form”.
Existing proposals for shape representation emphasize
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properties of its region, e.g., symmetry and thickness [1],
or of its boundary, e.g., curvature extrema [2)] and in-
flection points, or of both [2]. An alternate classification
is according to those where shape 13 viewed statically as
a combination of primudtves, e.g., generalized cylinders,
versus those where shape is explained developmentally
via a sot of processes acting on a simpler shape [14).
Returning to the region-based symmetric azis transform
(SAT}) [1], this view has spawned a vast literature on the
theoretical and computalional aspects of skeletons, How-
ever, il 15 unfortunate thal Bluin's kev imsight that the
SAT provides for qualitative shape descriptions in terms
of “shape morphemes”, e.g., dise, worm, wedge, flare,
etc., ia nsually forgotten. Curounsly, an evolutionary ap-
proach to shape deseription supports and complements
this view, and gives it a sound mathematical {founda-
tion (8, 10]. To elaborate, Kimia of al. explore deforma-
tiops of the shape's boundary, a special case of which is
deformation by a hnear function of curvature k:
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Here ¢ 15 the boundary vector of coordinates, N is the
outward normal, § is the path parameter, { 13 the time
duration {magnitude) of the defarmation, and 5, 5 are
constanta. The space of all such deformations is spanned
by the ratio & /% and time ¢, constituting Lhe two axes
of the reaction-diffusion space, Underlying the represen-
tation of shape in this space are a set ol shocks [11],
or entropy-satisfying singularities, which develop during
the evolution and are classified into four lypes, Figure 2
{lefL): 1) A FIRST-ORDER SHOCK is a discontinuity in or-
entation of the shape's boundary; 2} A sECOND-ORDER
sHocK is formed when two distinct pop-neighboring
boundary points collide, but none of their immediate
neighbors collapse together; 3) A THIRD-ORDER SHOCK
is formed when two distinel pon-neighboring boundary
points collide, such that the neighboring boundary puolnts
also collapse together'; and 4) A FOURTH-ORDER SHOCK
is formed when a closed boundary collapses onto a single

I'Whereas third-order shocks are not generic they merit a dis-
tincet classification because of their paychophysical relevance (U and
the abundance of biological and man-made objects with “bend-
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Figure 2. LerT: The four shock tvpes, RIGHT: The sides
of the shape triangle represent continua of shapes; the ex

trermes correspond to the “parts” . “hends” and “protrusions”
nodes [9],

point. While these defimtions are intuitive, they do not
eagily lend themselves to algorithms far shock detection.
A key idea of this paper 13 that shock computations can
he made robust by relying not oniv on beiter {subpixel]
[ocal detectors and ciassifiers, but also on glebal mnter
actions between shocks, through a shock grammer o
related work, Leymarie and Levineg have simulated the
prassfire transform using active contours [13) Scott e
al. have snggested the use of wave propagation fo ohtain
Lhe Tull symmetry set [21]; Kelly and Levine have demen-
strated the use of annular cperatars in obtaining coarse
object descriplions from real inagery [T); and Pizer e
al. have propoged a computational model for object rep-
resentation via “cores”, or regions of high medizlness in
intenaity images [2]. COur work extends the above ap-
proaches in a number of ways, which are perhaps best un
derstood in the context of the distinction between shocks
and skeletons.

The sel of shocks which form along the reaction axis
reduces to the traditional skeleton when information re-
garding fype, group, and saltence is discarded [23]. How-
ever, first, the notion of type 15 essential to capture qual-
stative aspects of shape, leading o generic perceptual
shape classes® and algorithms for obimiming them, Sec.
bion 2. Second, the grouping of shocks depends not only
on their type but also on sequendial, geometric and topo-
legical constraints obtained from & history of shocks, Sec-
tion 3. This results in a hierarchical representation of
shape by shock groups, as illustrated by numerous ex-
ampies, Section 4. Third, the notion of salience connects
“nearby” shapes, e.g., Figure 19, providing a foundation
for & topology over shape for recognition. In conclusion,
we suggest how the shock-based framework might be ex-
tended Lo apply directly to images, Section €,

like" components, e.g., hogers, limbs, legs of a table, etc. Also,
they are simultaneously the limit of frst-order shocks eravelling
with infinite speed, but in opposite directions.

2First-arder shock groups descnbe “protrugions" | second-order
shocks occur st “necks”, third-order shock groups describe
“bends”, and viewing the evolution in reverse, fourth-order shocks
are seeds from which the shape is grown [4].
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Figure 3 A classification of shock types based on the tan-
zents and the local neighborhood of the two shock generating
boundary points. The curvature disparity is the sum of the
two [signed) curvatures.

2 Shock Classification and Detection:

Local Operators

In the design of shock detection operators we face two
primary challenges: that of arriving al a complele shock
classification scheme which leads to a computational al
gorithm for detection, and that of obtaining accurate ge
ometric esiimates withou! blurring across singularilies,
We disenas shock classification and detection in turn.

2.1 Classification of Shocks

An intuitive approach is Lo classify & shock based on
propetties of the boundary poinls which collide at i,
Figure 3 Whereas this classification provides insight it
g diffienit to jmplement directly, g, the mapmng of
a shack to its assooated hi-tangent points can become
intractable in the presence of multiple nearby lopolog-
wal splits.  Alternalively, one may relv on the differ-
ential properties of an embedding surface, an approach
which proves to be computationally eflicient and robust.
For theoretical as well as numenical reasons, the criginal
curve flow 13 embedded in the level set evolubion al an
evolving surface [3, 17], £ = @{x, y,1):

de + 3w}V =0, )
with the correspondence that the evolving shape is repre
sented at all times by its zero level set oz, y. &) = 0. For
convenlence we take the mnitial surface @y to be the signed
distance function to the shape's boundary {although any
Lipshitz continuous funciion will suffice [3]). The clas-
sificatisn of shocks based on differential propeorties of 4
13 summarized in Figure 4 and Table 1. A first-order
shock corresponds to a discontinuity in the cnientation
of the tangent T to the level curve, computed from &
A% arctun-[-j:%?-‘f{‘f—'}. Since the colliding boundary points
have normals pointing in opposite directions, [Vl = 0 at
stcond- third- and fourth-order shocks, These shocks
can be distinguished from one another by the Gaussian
curvature, Table 1. Note that this classification is invari-
ant to the choice of the embedding surface and that all
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Figure 4: Shock classification based on properties
bedding surface, Tor LEFT: First-order shocks occur at cor-
ners, corresponding to creases on the surface with [V > 0.
Tor RigaT: A second-order shock corresponds to a hyper-
bolc point with |[Va| = 0. BHorToMm Lerr: Third-order
ehocks correspond to parabolic paints with |[Vé| = 0. BoT-
ToM RIGHT: A fourth-order shock corresponds to an elliptic
point with |¥a| = 0.

Shock Type || Chrientation ' Curvature
i F_ irsk non-vanishing ¥ g |  high
| Second isclated vanishing W@ | &Kz < 0 |

T'hirdd [ non-isolated vamshing Ve | simz =0 |
~ Fourth iolated vapishing Vo K1k > 0 _:

Table 1: Shock classification based on the gradient [Vd|,
the level set curvature x, and the principal curvatures
k1, k2 of the surface.

the necessary quantities can be computed locally®,

2.2 Subpixel Shock Detection

We develop a subpixel implementation of the above
ideas in order io obiain accurale geometric estimates in
the vicinity of discontinuities and to localize shocks, Note
that whereas the level set formulation supporis subpixel
curve evolution an algorithim that only atiempis (o lo-
cate shocks at grid peoints will suffer from discretization
artifacts.

A class of techniques called essentially ron-oscillatory
{ENQ} schemes have recently been introduced in the nu-
merical analvsis hterature to address the problem of inac-
curate differential estimates in the vicinity of discontinu-
ities [6]. The basic idea is to select between two contigu-
ous sets of data points for interpolation the one which
gives the lower variation, such that ab regions neighbor-
g a discontinuity the smoothing is always from the side
nel containing 1L, By replacing polynomials with geo-
melric interpolants: lines, circular arcs, ete., these ideas
have been adapted to the 2D problem of locating level
curves of an embedding surface while preserving and
exphcitly placing orientation discontinuities (first-order
shocks) [24]. The method provides a subpixel contour
tracer (for open and closed curves) which can be used
to recaver the shape’s contour from the evolving embed-
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Figure 5 CLoCKWISE FROM ToP LEFT: The geometric ENO
interpolation technique [24] preserves discontimuities in Lhe
vicinity of first- |, second-, third-, and fourth-order shocks;
gridhnes are overlayed and detected corners are marked.
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Figure fi: LeFr: The zerc crossing contours of (|Vd| — €)
demarcate regions around the putative shock points. HIGHT:
Lero-crassing curves of ¢ and ¢, intersect at eractly three
poitts, two of which are fourth-order shocks, and one of which
15 a second-order shock, as determined from the sign of s x;.

ding surface, Figure 5, and can be extended to higher
order shock detection as follows, Recall that |[V¢| = 0 at
mgher order shocks, Therefare, the geometric interpola-
tien method may be used te find ¢ crossings of |V, Fig-
ure G [lefi}. Howewver, this approximation always yields
2D regrons surrounding the putative shock points. As a
solution, since ¢, and g, musi each go fo zero indepen-
dently for |W| to go to zero, the problem can be reduced
to two 1D problems by considering zero-crossing curves of
de and dll,‘: and finding overlaps, Figure § (right). This
suggests the algorithm for higher order shock detection
outlined in Figure 7; further details appear in [23].

3 Shock Grouping: Global Interactions
The fact that the set of shocks formed under pure
reaction (& = 0) provides the SAT [23] implies that geo
metric and tepological properties that hold for skeletons,
e.q., those studied in [4, 22}, must hold for shocks as
well. We examine three types of constraints on shock
formation in Figure 8: sequential, geomelric and lopolog-

TCare must be taken to avoid regions where either de or ¢, is
identically zera over a neighborhood of grid points. Fortunately,
&y and ¢, cannot both be identically gero over the same rogions,
since that would imply & 2D region of third-order shocks, which is
an impossibility.
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