Inference for Two-way Tables

o Two-way table for categonceal dataset;
& Chi-square test for two-way table;
o Chisquare poodness of fit test;

Example {cont.)
From the table of counts, we can ascertain the
(empirical) joint distribution, marginal distributions,
and conditional distributions of wine type and muasic
Ly pec

Music |

| Wine | None French Italian | Total |

| French | 0123 0.160  0.123 i 0.407 |
Italian | 0.045 0004 0078 | 0.128

| Other | 0177 0144 0.144 | 0465

| Total | 0346 0309 0346 | 1.000 |

We are interested in determining whether there is
relationship between the row varable (wine type) and
the column variable {(music type).

If this were the true distribution, then the answer
would be clear: music and wine are not independent,
a0 there 18 a relationship.

However, this table is random, and we want to know
whether or not music and wine are independent wunder
the true distribution. This requires a statistical test.

Example: Backpround musme and comsumer behavior

In a study conducted mn & Northern Ireland

supermarket, researchers counted the number of

bottles of French, Itahan, and other wine

purchased while shoppers were subject to one of

three “trestments": no musie, French accordion
music, and ltalian string muesie.

The following two-way table summanzes the
data:

Musie
Wine | None French Iialian | Total |
French | a0 10 0 o
ltalian | 11 1 U
Other | 43 15 35 113
Total | 84 75 8 M3
a

The y -test for a r x ¢ Table
Hypotheses

s Hpy: there 15 ne asseciation betwoen the row

variable and the column vanablbs.

« H,: there is an association between the two

variahbes.

The alternative hyvpothesis Ha does not specify
any particular direction of the association
because. It mcludes all of the many kinds of

association that are possible and as a result, we
cannot desenbe H as erther one-sided or

two-sded.
Intuition for the Test

Suppose Hy 15 true, and the two vanables are
mdependent. What counts would we expect to

ohserve !

Recall that under the independence sassumption,

P(A and B) = P{A)P(1})



Musie
Wine | None Fremch Italian | Total |
French .| 30 | el

| Ttakian 1 1 10 91
Other 19 %5 5 | 112
Total &1 5 &1 | 243

Let i = 243 be the total mumber of bottles of

wine that s sold. Asuming mdependence, the

expected number of French wine that 15 sold whale
French Musie = being played = estimated to be:

nx F(Type of Wine s French and Muse 1 French)
= nPType of Wine s French ) P{Musie 18 French)

g (%) (%fi) E .%? — 30,555

What 11 the observed nomber?

What 1= the observed number and the expected

murnber of Italian wine that s sold while French
Musie & being played (under Hy)?

Example {cont.)
For the supermarket example, the expected
counts are:
Musae
Wine | None French Italian | Total
 French | 3422 3056 3422 | 00
Italian | 10.72 05T 1072 31
Other | 3006 3488 3006 | 113
Total 84 TS 84 | 243
The olserved counts are:
| Muse
. Wine | None French [Italian | Total
French 3 30 K | 05
| Italisn | 11 1 10 | a1
| Other | 43 35 5 113
| Total | 84 7w 84| 43

nx P{Type of Wine 15 Italian and Musie = French)

= nP({Type of Wine & [talian) P{Mu=ic s French)

= 243 (%) G%) = % = 0.567

Thus, for each cell, we have

row total = col total

Expected Cell Count = —

Our test will be based on a measure of how far
the observed table is from the expected table.

The X* (Chi-Squared) Statistic

To measure how far this erpected table 1= from
the observed table, we will use the followng test

statmtic:

x_ 3 (Observed — Expected)”
all cells g ni



The ¥ Distribution

Under Hp, the X? test statistic has an
approximate 2 distribution with (r—1)(c—1)
deprees of freedom, denoted I%‘I‘—'l}[t—'l}'

Why (r — 1){c— 1)7

Recall that our “expected” table 13 based on some

quantities estimated from the data: namely the
row and column totals.

Once these totals are known, fillng 1n any
(r— 1){e — 1) undetermmed table entrivs actually

mves ns the whole table. Thus, there are only
(r—1){e— 1) freely varying quantities n the table.

p-Value for the y2-Test

If the observed and expected counts are very
different, X? will be large, indicating evidence
apanst Hy. Thus, the p-value 1= always based on
the npght-hand tal of the distnbotion.

There iz no notion of a two-tailed test i this
comdext.

The p-value & therefore

P(xir_tyie_1y = X7)
Recall that X2 has an approtimale x?!'—ﬂl[*‘-—ﬂ
dstribution. When = the approxamation valsd?

For any two-way table larper than 2 = 2, we
require that the averape expected cell count 15 at
lesst 5 and each expected count 15 at least one.

For 2 x 2 tables, we require that each expected
count be at least 5.
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What does the ¥? distribution look like?
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e Unlike the Normal or ¢ distributions, the 2
distnbution takes values mn ([, o).

& As with the ¢ distnbution, the exact shape of
the ¥ distribution depends on its deprees of
freedom.
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Example {cont.)
Let's get back to our example...
Recall the obsarved and expected counts:

P T— Expacund
Muzic Muaic
Wima | Momn Fr.  li. | Moan Fr. e | Toi
Francs 0 W 86 || 3497 2S5 04.72 o
lualtas 1 1 e 10.72 W57 IOTR a1
Chihar 44 3% 3% || Wos 48R TROGE | 118
Toual M 75 e | T ™ B | 243

30 — 34.22)° (39— 30.56)T (30— 34.22)?
x|
22 T @se T mm
(35 — 34882 (35 — 39.06)°
+ -+ +
34.84 30,06

= 18.23

The table is 3 = 3, s0 there are
(r—1}e—1) =2 x 2 =4 degreas of freedom.

Finally, the p-value is found from the ¥? distribution
table with 4 degrees of freedom:

0.001 < P(y: = 18.28) < 0.0025



