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Abstract

The energy usage of computer systems is becom-
ing an important consideration, especially for battery-
operated systems. Various methods for reducing en-
ergy consumption have been investigated, both at the
circuit level and at the operating systems level, In this
paper, we propose a simple model of job scheduling
aimed at capturing some key aspects of energy min-
tmization. In this model, each job is to be executed
between lis arrival time and deadline by a single pro-
cessor with variable speed, under the assumption that
energy usage per unit time, P, is a convex funciion of
the processor speed 5. We give an off-line algorithm
that computes, for any sel of jobs, a minimum-energy
schedule. We then consider some on-line algorithms
and their compelitive performance for the power func-
tion P(s) = s where p > 2. It is shown that one
natural heuristic, called the Average Rate heuristic,
uses at most a constant times the minimwm energy
required. The analysis involves bounding the largest
eigenvalue in matrices of a special type.

1 Introduction

Computers are rapidly becoming more widespread
and more portable, For portable computers running
on batterics, energy conservation is critically impor-
tant. In a typical laptop computer, energy use is domi-
nated by the backlit display and the disk. It is difficult
to modulate the power consumption of these devices
while they are operating, so energy saving techniques
primarily involve turning them off after a period of no
e,

The new generation of very small portable compui-
era (PDAs) often have no disk at all, and lack the
backlight that consumes much of the display-related
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power. Forsuch devices, the power consumption of the
CPU itsell becomes significant. ‘This fact is important
because there are energy conservation techniques for
CPUs thail do considerably beiter than simply turn-
ing off the device during its “idle loop”. In particular,
CPU circuitry can be designed so thal slower clock
speeds use lower supply voltage, thus resulting in lower
energy consumption per instruction (see [1,2,4,7] for
various approaches). Such variable speed processors
can operale reliably over a range of clock speeds. The
power (i.e., energy per unit time) consumed by such a
processor is a convex function of its execution speed,
with the exact form dependent on the details of the
technology,

Cn a computer with a variable speed processor, the
operating system can reduce the energy consumption
by scheduling jobs appropriately. Scheduling to reduce
power eonsumption was first discussed in [7], which
described several scheduling heuristics and measured
the energy savings on typical work loads. This work
was later extended in [3].

In this paper, we provide 8 more formal analvsis
of the minimum-energy scheduling preblem. We pro-
pose a simple model in which each job is to be exe-
cuted between its arrival time and deadline by a single
variable-speed processor as described above. A precise
definition of the model is given in Section 2. In Sec-
tion 3, we give an off-line algorithm that computes
a minimutn-energy schedule for any sel of jobs, wilh
no restriction on the power consumption function ex-
cept convexity. We then consider on-line heuristics in
section 4, with spacial focus on what we call the Awver-
age Hate heuristic (AVR). In Section &, we prove that
AVHR has a conslant competilive ratio, i.e., iU uses al
maost A constant times the minimum energy required,
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assuming a quadratic power function P(s) = &*. Our
analysis shows that the ratio lies between 4 and 8. In
Section §, we sketch a constant-ratio proof for the gen-
eral case P(s) = & where p > 2. There, the ratic is
shown to be between p# and 2P~1p". Finally, we close
with a discussion of some simulation results and open
problems.

2 The Model

Let [tg, £1] be a fixed time interval. An instance of
the seheduling problem is a set J of jobs to be executed
during [ip,{y]. Associated with each job j € J are the
following parameters:

LET its arrival {ime,
o by its deadline (b; > a;), and
e [i; its required number of CPU cycles.

We refer to [a;, by] as the interval of job j. A sched-
wle is A pair & = [z, job) of functions defined owver

[Eq],i]_]:

¢ 5(1) > 018 the processor speed at time 1,
® jobit) defines the job being executed at time t (or
wdle if s(t) = 0).

We require that s(t) and job{i) be piecewise constant
with finitely many discontinuities. A feasibie schedule
for an instance .JJ 18 a schedule § that satisfies

%
f " s(t)é(job(t), j)dt = Ry

a

for all j € J (where &(r,y) 15 1 if r = y and 0 oth-
erwize). In other words, § must give each job j the
required number of eyles between its arrival time and
deadline (with perhaps intermittent execulion). We
assume that the power P, or energy consumed per
unit time, is a convex function of the processor speed.
The total energy consumed by a achedule 5§ is’

E(8) = f’ P(s(t))dt.

The goal of the scheduling preblem is to find, for any

given problem instance, a feasible schedule that mini-
mizes E(&).

'In the remainder of this paper, unless atherwise specified,
all integrals are taken with respect to ¢, with fx and t3 as lower
and upper amits. We will use abbreviated notations whenever
possible.
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3 The Minimum Energy Scheduler

In this section, we consider the off-line version of the
scheduling problem. We first give a charaterization of
an energy-optimal schedule {or any set of n jobs, which
then leads naturally to an O(n log® n) time algorithm
for computing such schedules.

The characterization will be based on the notion of
a eritical interval for J, which 13 an interval in which
a group of jobs must be scheduled at maximum, con-
stant speed in anv optimal schedule for J. The algo-
rithin proceeds by identifying such a critical interval
for J, scheduling those “critical’ jobs, then construect-
ing 8 subproblem for the remaining jobs and solving it
recursively, The optimal s(¢) is in fact unique, whereas
Job(i} 18 not always so. The details are given below.

Definition. Define the infensily of an interval I =

[z, 2'] to be
o(n = =8

2 -

where the sum is taken over all jobs j with [a;. 8] C
[, #].

Clearly, g(I} i& a lower bound on the average
processing speed, L*Iﬁft}dt,f'[:’ — z), that must be
achieved by any feasible schedule over the interval
[#,27]. Thus, by convexity of the power function, a
schedule using constant speed g(I) on [z, '] is neces-
sarily optimal on that interval (in the sense that ne
ather feasible schedule can use less power an that in-
terval).

Definition. Let I" = [z, "] be an interval that max-
imizes g{J). We call I* a critical tnterval for J, and
the set of jobs Jre = { § | [a7,8;] C [z, 2]} the eritacal
group for J.

Note that we can assume [* = [ay, b;] for some 1, 5.
The following theorem shows that a critical interval
will determine a segment of the optimal schedule. We
omit the proof here.

Theorem 1. Let 1™ be a eritical interval for J. If S
s an oplimal schedule for J, then the mazimum speed

of & s g{I"), and & runs el thal speed for ihe entire
inferval I*,

(Moreover, 5 must execute every job of Jy- completely
within I*, and execute no other jobs during I*.} The-
orem 1 immediately leads to the following algorithm,
which finds an npt.imn] schedule for J !I:r} ::ﬁmplll.ing a
sequence of eritical intervals iteratively.
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Algorithm [Optimal-Schedule]
Repeat the following steps until J is empty:

1. Identify & critical interval I* = [z, 2’| by computing
s = maxg(l), and schedule the jobs of Jy. at
speed s over interval I™ by the earliest deadline
policy {which 1s always feasible, see [6]);

2. Modify the problem to reflect the deletion of jobs
Jre and interval ", This involves:
let J = J = Jpe:
reset any deadline by — ¢ if b; € [z, 2], and
by — by — (2" —z) if b; = 2
reset the arrival times similarly,

Note that, after each iteration, the intensity g{f) of
some intervals [ may increase (because §7 has been
‘compressed’ ), which affects the evaluation of max g( /)
in the next round. A straightward implementation of
the above algorithm requires O(n*) time for |J| = n.
By using a suitable data structure, such as the segment
tree, one can reduce the running time to Ofnlog” n).
We will skip the implementation details here.

A job instance J and its corresponding optimal
schedule S are shown in Figure 1. To keep the di-
agram simple, there is only one job in each critical
group. Job j is executed at speed s; over interval I7,
which we represent by a shaded rectangle with basse I;
and height ;. The original job j is shown as a rectan-
gle with base [; and height d;, (These two rectangles
coincide when s; is a local maximum, such as the case
for j = 1,3 in the example.) Note that, by the way §
is constructed, the interval 7 of any job belonging to
the j-th critical group must satisfy

reljin.
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4 On-line Scheduling Heuristics

Obviously there is a large space of possible heuris-
ties for the online version of the minimum-energy
scheduling problem. We will mention two simple
heuristics that appear natural:

¢ Average Rate: Associated with each job j is its
average-rale requirement or densiiy

We define a corresponding step function d; (1) = d; for
t € [aj,b;], and dj(t) = 0 elsewhere. At any time ¢,
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the Average Rote Hewristic (AVR} sets the processor
speed at
s(t) = 3 _d;(t),
7

and use the earliest-deadline policy to choose among
available jobs. It is easy to see that the strategy vields
a feasible schedule.

+ Optimal Available: After each arrival, recompute
an optimal schedule for the problem instance consisi-
ing of the newly arrived job and the remaining por-
tions of all other available jobs. {Thus, the recompu-

tation is done for a set of jobs all having the same
arrival time. )

In the remainder of this paper, we will focus on the
AVR heuristic and analyze its competitive ratio, Since
the competitive ratio depends on the precise form of
P(s), and because the competitive analysis is fairly
complex, we first focus our attention on the case where
P(s) = s*. This represents the simplest nontrivial
version of the energy minimization problem.

Given a problem instance J, let OPT(J) denote the
energy cost of an optimal schedule, and let

AVR(J) = f{zdjm}?m (2)
j

denote the cost of the heuristic schedule. The compet-
itive ratio of the heuristic is defined to be, as usual,
the least upper bound of AVR(J)/OPT(J) over all J.
We first lock at how AVR performs in some specific
cases, Let [fy, 4] = [0, 1], and |J| = n in the following
examples,

Example 1. The ith job has interval [0, 1/2-1], All
jobs have density d; = 1/2, except d, = 1. [See Figure
2.

The optimal schedule for this example has constant
speed s(t) = 1, and executes the jobs in the order
Jay ey dp, with total energy cost 1. By evaluating Eq.

2, one finds that the energy used by AVR approaches
2 as n — oo, resulting in AVR{J)/OPT(J) = 2.

Example 2. The ith job has interval [0,i/n]. and
density dy = (n/i)® where ¢ > 1. {See Figure 3.)

It can be verified that the jobs will form ecriti-
cal groups in the order Jy,...,Jq. When ¢ = 1,
the aptimal schedule has constant speed 1 and AVR
has cost 2 as n — oo, giving a ratio of 2 again.
With a careful analysis, one can prove that the ratio
AVR(J)}/OPT{.J) is maximized at 4 when ¢ is chosen
to be 3/2.
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