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The Data

# age s the age of a male lson in years,
# proportion.black is the proportion of a lien's nose that = black.

age proportion.black
1.1 0.H
1.5 0.14
1.9 0.11
2.2 0.13
2.6 0.12
3.2 0.13
3.2 0.12

Example

Case Study |
# The propgortion of blackness in a male on"s nose increases as the hon
AFES.
2 This proportson can be used to predict the age of a hon with unknown
age.
2 To find a predictive equation, researchers determined the proportion
of blackness in 32 male lions of known age.

& The data s displayed in a scatter plot, and a good-fitting hine is found
for the data.

(age in years) = a + b x (proportion of blackness in the nose)

= The line may be interpreted as a condilional expectabion: the
expected age of a lion given a proportion of blackness in its nose.

Lion Data Scatter Plot




Observations

& We ses that age and blackness i the pose are positnvely assocraled,
@ The points do not Tfall exactly on a hne.
# How do we hind a good-fitting line?

# How do we decsde il a ine is a sufficient summary of the relationship
betwean the vanables?
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A Model

# The simple knear regression model for the data is

Yi =+ X+

where

* i waries from 1 to n, the sample size;

= ¢ and A are hosd population parameters;

ey o5 the random wertical deviation betweeen the ne and the ith
observed data point; and

v the deviations are asumed to be independent and normally distributed
with =tandard dewiation .

e e iad N0, o)

# MNotice that in this model, there is a comvman vanance for all
observalions.

2 This means that we should expect the size of a typscal deviation from
the line to be the same size at all locatons.
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Simple Linear Regression

Definition

Sample imear regression is the statistical procedure for describing the
relationship between an quantitative explanatory vanable X and a
quantitative response vanable ¥ with a straight line;

Y=a+ bX

e The value 3 is the Y-intercept of the estimated line.

e It is the location where the ne crosses the Y-axas, and may be
interpreted as an estimate of E(Y | X = 0), the expected value of ¥
giwen X = zero, which may or may nol be meaningful in the context.

2 The slope b= the estimated change in ¥ per unit change in X
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Fitted Values and Residuals

# The estimated regressson line takes the form
Y=a+4+ bX

where a 1= an estimate of «r and b is an estimate of /.

# The height of the point on the ine at X = X is called the ith Gited
vialue of predicted valve.

Yi = a+ bX;

# The difference betwesn the ith data posnt ¥; and the ith predicted
walue is called the ith rescdual, ¥ — Y5
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Estimation

# The parameters of the model may be estimated esther by the criterna
of least sgquares, which munimzes the sum of squared residuals.

# The parameters may also be estimated by maximum bkebhood, which
makes the probability density of the observed data as large as possible.

2 |n simple hnear regressson, the least squares and macamum lkelihood
estimales of re and [7 are identical.

# The maximum likelihood estimate of 22 is
2 _ (sum of squared residuals)
i
is shightly different than the conventional unbiased estimate.

£ {sum of squared residuals)
a n—2

& Mote that there are 2 parameters used to describe all means (v and
iT) as two points determine a ling, and so there are n — 2 remaining
preces of information remaining to estimate vanabion around the line.
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An alternative formulation

# T he estimated parameters may also be described in an altermative

manner based on the means and standard dewiations of X and ¥ and
the correlation bebween them.

# | he formulas are based on this idea:
When X is z = ”?3 standard dewiations above the mean,

(z = 0 when X is less than X ), the predicted ¥ is
standard dewvialions above s mean, oF

e (5 (- (29 ()1

@ Theslope s b= rs, /s,

& When X = X, then z =0 and ¥ = ¥, 50 the regression hine goes
through the paint (X, Y).

# When X = X + sy = one standard dewiation abowe the mean, the
predicted value is ¥ = ¥ + rsy r standard deviations above the mean.

Formulas for Estimation
# It is an exercise in calculus (or inspired algebra) to show that
Pl - X}

is the beast squares (and maximum likelibood ) estimate of the slope.

# There is a simple formisla for the estimated intescept given Lhe
estimated slope.

a=Y¥ — bX

2 The residual sum of squares s

RSS =Y (¥i — (2 + &))"
=1

is used to estimate o= by dividing by either n — 2 (for an unbiased
estimate) of n (for the maximum likelihood estimate).
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Regression Toward the Mean

2 Heights of fathers and sons in human populations often have a
correlation close to r = 05

@ If one uses the heaght of the father to predict the heght of the son,
the average hesghts of all sons of fathers whose height = one standard
deviation above the mean is only about one hall of 4 standard
deviation above the mean.

e Samilarly, the heights of sons of fathers that are one standard

deviation below the mean are expected to be only hall 3 standard
deviation below the mean.

& This general phenomenon = called regression toward the meaan.



