CMSC 330: Organization of
Frogramming Languages

Theory of Regular Expressions

The Theory Behind re’s

« That's it for the basics of Ruby

— If you need other matenal for your project, come to
office howrs or check out the documentation

« Nextup: How do re.'s really work?

— Mixture of a wvery practical tool {string matching wath
re's) and some nice theory

— A great computer science result
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A Few Cluestions about Fegular Expressions

» What does a regular expression represent?
— Just & sat of sirings

» What are the basic components of r.e.'s?
— E.g.. we saw that &+ is the same as e="

 How are r.e.’s implemented?
— We'll se= how to build & structure to parsa re.'s
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Definition: Alphabet

« An alphabet is a finie set of symbols
— Ususlly denoted £

» Example alphabets:
— Binary: £ =101}
— Decimal: ¥ ={0,1,2,3,4,5,6,7.8,9}
— Alphanumeric: ¥ = {0-8 3-7 A-7}
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Definition: String

= A sirng is a finite seguence of symbols from £
— £ is the empty string (™ in Ruby)
— |5l is the length of siring s
- |Helle| = &, |g] =10
— Mote: & is the empty set (with 0 elements); @ +{ e}

» Example strings:
— M1 e £=40,1} (binary)
— M1 € E = decimal
— M1 € £ = alphanumeric
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Definition: Concatenation

« Concatenation is indicated by juxtaposition
— If 54 = super and 3, = hero, then s5.5; = superheno
— Sometimes also written 545;
— Foranystring s, wehave sE=gs ==
— You can concatensate strings from different alphabets,
then the new alphabet is the union of the originals:

= 16, = super & L, = {5,WLp.20) and &, = herd « L, = {h,a,1,0}.
ihen 6.8, = suparhars & I, = {2,n,0,p,1,5,U}
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Defimtion: Language

= A language is a set of strings over an alphabet

» Example: The set of phone numbers over the
alphabetX={01,2,3,4,56,7,9,(,), -}
— Giwve an example element of this langueage (123} 45£-7T830
— Are sll sirings over the alphabet in the language? ¥o

— |s there a Ruby regular expression for this language?
Aaf3, 3 a3, 3)-ade, a)y

= Example: The set of all sirings over £
— Often written *
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Languages (cont'd)

- Example: The set of strings of length 0 ower the
alphabet ¥ = {8, b, ¢}
— 5|5 cE and s =0} = {£ 0 @
= Example: The set of all valid Ruby programs
— I thera 3 Rulby regular axpragelon far @il language?

Mo. Matching brackets so they are balanced is impossible.
OOV or £ ¥or, in general, {737

« Canre's represant all possible languages?
— The anewer tums out to ba no!
— The languages reprasanted Dy regular expresslons are called,
approgriataly, the reguilar languagses
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Operations on Languages

= Let ¥ be an alphabet and let L, L,, L; be
languages over

= Concatenation L,L; is defined as
—LiL=py|x=L,and y = L,}
— Example: L, = {"hi", "bye’}, L, = {"1°, "27}
= L,L, ={nli", *ni2*, “oyel”, "bye27}
= Union is defined as
—Lul,={x]|x=eLyorxeL}
— Example: L, ={"hi", "bye’}, L, ={"1", 27}
= L, = {0, "ye”, 1%, "2
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Operations on Languages (cont'd)

» Define LM inductively as
— L9={g}
—L"=LL"forn >0

» |n other waords,
—L'=L19=L{g =L
—L2=Ll'=1L
—L¥=ui=uL
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Examples of L"

» |letl={a b, c}
= Then
~Lo= g
—L'={a b, c}
— L2 ={aa, ab, ac, ba, bb, bc, ca, cb, cc
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Operations on Languages (cont'd)

 Klegne closure is defined as

L* = U o[ LI
* |n other words...

L* is the language {set of all strings) formed by
concatenating together zero or more strings from L
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Defimtion of Regexps

» (3iven an alphabet &, the regular expressions

over & are defined inductively as

Definition of Regexps (cont'd)

regular expression

denotes language

» et A and B be regular expressions denoting

languages L, and Lg, respeciively

reqular expression | denotes language
AS |Lale

[AIE) Laulg

A* L™

& &
£ €}
each element o« X o)
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» There are no other regular expressions over *
» We use ()'s as needed for grouping
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The Language Denoted by an r.e.

= For a regular expression e, we will write [[e]] to
mean the [anguage denoted by e
— [[a]] = 1=}
— [[{a|b)]] = {=. b}

» |f 5c[[re]], we say that re accepts, descrnibes, or
recognizes s.

Example 1

= All strings over £ = {a, b, c} such that all the a's
are first, the b's are next, and the ¢'s |ast

— Example: ssabbbbeocc but not abekb
» Regexp: a*b*c*
— Thiz is a valid regexp because:
* dle aregexp ([[&]] = {3
» 3% ks aragaxp (37 = {t 3. 33, ...}
= Simiarty for &b~ and ¢
= S0 3%0°c* 5 3 requiar expressian

(Remamoer thal we need to check this way bacausa reguiar
axpraselons are defined Inductively.)
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Which Stnings Does a*b*c* Recognize?

aabbboo
YaE; 33 < [[a]], bbo < [[t*]), and c¢ < [[o-]. 60 entire string 5 In
|Egeg=gl
abb
Yag, abb = abbe, and e « [jc7]]
ac
Y2E
E
Y2E
aacho
! [6]
abcd

ek

Example 2

w52 MO —auislide the language -

= All strings over £ ={a, b, c}

 Regexp: (alojc)®
» Other regular expressions for the same
language?
— (c|bjaj*
e [Eilbilcﬁ:lﬁ
o [Eihﬁni:lﬁ
— ({=|b|c)"|abe)
— eio.
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