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Tusnady’s inequality revisited

Abstract

Tusnady’s inequality is the key ingredient in the KM'T'/Hunpgarian coupling
of the empirical distribution function with a Brownian bridge.  We present

an elementary proof of a result that sharpens the Tusnady ineguality, modulo
conatants. Onr method uses the beta integral representation of Hinomial tails

aimple Taylor expansion and some novel bounds for the ratios of normal tail
probahilitices.
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TUSNADY'S INEQUALITY REVISITED

BY ANDREW CARTER AND DAVID POLLARD
University of California, Santa Barbara and Yale University

Tuznady’s nequality 1z the key mgredient m the KMT/Hunganan

coupling of the empincal disinbution function with a Brownian bnidge. We

present an elementary proof of a result that sharpens the Tusnady mequality,
modulo constants. Our method uses the beta mmtepral reprezentation of
Bmomuial tails, simple Taylor expansion and seme novel bounds for the ratios
of normal tail probabilities.

1. Introduction. In one of the most important probability papers of the last
forty yvears, Komlos, Major and Tusnady (1975) sketched a proof for a very
tight coupling of the standardized empincal distnibution function with a Browman
bridge, a result now often referred to as the EMT. or Hunganan, construction.
Their coupling greatly simplifies the derrvation of many classical statistical
results—see Shorack and Wellner [(1986), Chapter 12 et seq_], for example.

The construction has taken on added significance for statistics with 1ts
use by Nussbaum (1996) in establishing asymptotic equivalence of density
estimation and white noise models. Brown, Carter, Low and Zhang (2004) have
somewhat simplified and expanded Nussbaum’'s arcument using our Theorem 2,
via mequality (5).

At the heart of the KMT method [with refinements as in the exposition
by Csbdrgd and Reévész (1981), Section 4.4] lies the quantile coupling of the
Bin(n,1/2) and N(n/2, n/4) distibutions, which may be defined as follows. Let
¥ be a random wvaniable distnbuted N(n/2, n/4). Find the cutpoints —oo = fy <
B1 < -+ < fBn = Bay1 = oo for whach

P|Bin(n.1/2) =k} =P[{¥ = )} fork=0,1,....n.

When By = ¥ =< fry1. let X take the value k. Then X has a Binin, 1/2)
distribution.

It 15 often more convement to work with the tails of the standard normal
®(z) = P{N(0,1) = z} and the standardized cutpoint zx = 2(fx — n/2)/. /N,
thereby replacing P{Y = B} by ®(z)-

Syvmmetry considerations show that 8, ;41 = n — Bi. so that it suffices to
consider only half the range for k. More precisely, when n 1s even, sayv n = 2m,

Recerved July 2000; revized August 2003.

AME 2000 subfect classifications. Pnimary 62E17; secondary 62B15.

Key words and phrases. Quantile coupling, KMT Hunpanan construction, Tusnady’s mequality,
beta integral reprezentation of Binomual tails, ratios of normal tailz, equivalent normal deviate.

2731



