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We shall look at a sequence of increasingly general or complicated simtations.

1. LENGTH OF THE GRAI'H OF A FUNCTION

The length of a short chord scement 15 given by

(As)? = (Az)? + (Ay)?.

Dirop the parentheses.

g = IimHDZ; Az — lim Z 1...-"’&1!12 + Ayl
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Shorthand: ds = v/dz? + dy? = /1 + f'(z)* dr.
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2. LENGTH OF A PARAMETRIZED CURVE

Let == x(t), w = y(f). As? = Ar? + Ay? still.

5= lim Z 1,.-":&_1"13 + Ay?
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Shorthand: ds = +/dr? + dy? = + 4* di (where © = .i.: , otc.).

Special case: £t =x. Then # =1, ds = /1 + #* dr — same as situation 1.

3. THREE DIMENSIONS

Let @ = x(t), y = »(t), z = z(t). Then

ds® = dr® + dy” +dz®,  s= | /F2+4® + 224t
4. POLAR COORDINATES IN THE PLANE

Define rand 8 by © = reosf, v — rsinf. A change Af changes lempgths by
ré&f. Therclore, it 18 mtwitively clear (and we'll justify it in 4 moment) that

ds® — dr® + rdd>.

Example: Consider thearcat r =2 from @ =0 to # = w/4. Let @ play the role
of the parameter, £.

ds — \/dr? + r2df® — g ﬂ+L=r? = Edﬂ
A dp
— O+ 4df =2 dp.
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(Note that r in the sccond term is a function of ¢, in general.)
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In general,

A shorthand calenlation leading to the are length formula: Calenlate

fdr — cosfdr — raim 8 df,
dy = sinfdr + rcosd df.

(This really means that

AT = cosf Ar — rsim @ Af + something very small,

cte.) It follows that

dr? — cos® #dr? + r2sin? 8 d6* — 2r sinf cosd dr did,
dy? = sin? @ dr? + r? cos® @ dA? + 2r sin A cos 8 dr d8.

Therefore, dg? = dr® + dy® = dr? + r2df” .

. A CURVED SURFACE EMBEDDED IN 3-5PACE

Example: The unit sphere, 22 + 9 + 22 = 1. As usual let
T = rsinf cos g, 1y — rsin f s g, z = rocosf.

Then, for instance, we have

iz — cos @ dr — rsinf df,

but r is a constant in our problem (r = 1), so we can set dr = (. Thus, ignoring
dr, we have
dr — cosf cos @ df — s1n 8 sin @ dig,

dy — cos f sin ¢ df + sin & cos ¢ dig.

It casily follows that

ds® = dx® + dy® + dz* = d§° + sin” 0 dg®.

Note that near the “north pole™ @ = 0, we have sin# = # and hence ds® =
df? + 6% dg®*. That iz, near the pole the angular spherieal coordinates “look like”
plane polar coordinates, with  in the role of ¢ and ¢ m the role of 8.
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