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Lecture L14 - Variable Mass Systems: The Rocket Equation

In this lecture, we consider the problem in which the mass of the body changes during the motion, that s,
m is a function of £, i.c. mit). Although there are many cases for which this particular model is applicable,
one of obwvious importance to ws are rockets, We shall soe that a sipnificant fraction of the mass of 2 rocket
i the foel, which 1 expelled during flight at 2 high velooity and thos, provides the propulsive foree for the
rocket.

As a simple model for this process, consider the cases sketched in a) through f) of the fgure. In a) we
consider 2 children standing on a stationary Hat car. At £ = (), they both jump off with velooty relative to
the Hat car of u. (While this may not be a good maodel for children jumping off a Hatear, it is a good model
for the expubaon of meass from a rocket where the mees How from the choked nosele oceurs st a relative
velocity 1 from the moving rocket.) In b)) we consider that they jump off in sequence, cach jumping with a
vilocity u relative to the then velocity of the Hatoar, which will be different for the 2nd jumper sinee the car

has begun to move as a result of junper 1. For a), we have a final wlocity of the Hat car as
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where M s the mass of the Hatear, and m is the mass of the jumper. We can see the case b) gives a higher
final velocity. We now consider cases with more blocks; we introdoce the notation Vewy to be the final
velocity with N blocks coming off one at a time. We use the notation Vy g to denote the reference velocity

if the N blocks come off toerether. I woe consider 3 blocks, we can see by inspection that
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CGeneralizing this to arbitrary N, we can write
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The figure shows the resnlts for Flm,lm,l"l-’“nﬂ, the Increase 1 velooity as each block comes off. We choose
10 blocks with a mass e equal to 01 M; thercfore the 100 blocks with e = 01 cqual the mass M, the
propellant ratio of the "rocket™ is 50%. The inal velocity of the cart is 40% higher than would be obtained
if the masses come off topether. Momentom s conserved. The sum of the momentum of the cart plus all the
individual mass points s cogual to zero. Howewer, the momentom of all the particles left behind s of very

little interest to ns. We care only about the inal velocity of the cart.



To analyze this gquestion we must consider a system of varnable mass, and the prooess by which it gains
velocity as a result of ojecting mass. While our provious discwesssion provided a diserete model of this process,
we now consider a continmous process, obtaining a relation for (i) as a function of the momentum interaction
bectwesen the systeom and the external world.

W shall start by considering a body with velocity © and external foroes F, gaining meass at a rate e = dm/dt.
Let us look at the process of paining a small amount of meess dm. Let ©° be the welocity of dm before it is
cagturcd by m, and et f represent the average value of the impulsive forees that drine exerts on me dunng
the short interval di, in which the capturing takes place. By Newton’s third law, drme will expericenoe a foroe

F, exerted by i, over the same df.
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We can now cxamine the capture process from the point of view of dme and cqguate the mopulse,  fde, to

the change in linear momentam of do,

Fdt = dmiv | dv  ©'). (D

Here, | de is the velocity of m (and dm) after impact. Analogously, from the point of view of m, we write

Fdi | fdi = mv | do) v = mdo. (10}

The term dmde in equation (9) is a higher order term and will disappear when we take limits. The impulse

due to the contact foree can be eliminated by combining equations (9) and {10),

Fdi  dmi{v v") = mdu,

or, dividing through by i,
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' o s the velocity of dm relative to . This expression is valid when dmfdi > 0 (mass gain) and

Hore, w
when dn/di < 0 (mass loss). IF we compare this expression to the more familiar form of Newton's law for
a particle of fiood meess rra% F, wo sce that the term (v' - w)dmfdt s an additional foree on me which is

due to the gain (or loss) of mass. Equation (11) can also be written as

d{ rmw) . i

o' —,

ald it




