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Math Review Module: Work and the Scalar Product

4.1 Scalar Product (Dot Product)

We shall introduce a vector operation, called the “dot product™ or “scalar product™ that
takes anv two vectors and generates a scalar quantity (a number). We shall see that the
physical concept of work can be mathematically described by the dot product between

the force and the displacement vectors.

Let A and B be two vectors. Because any two non-collinear vectors form a

plane, we define the angle @ to be the angle between the vectors A and B as shown in
Figure 4.1. Note that @ can vary from 0 to 7.
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Figure 4.1 Dot product geometry.

Definition: Dot Product

The dot product A-B of the vectors A and B is defined to be product of the

magnitude of the vectors A and B with the cosine of the angle 8 between the
two vectors:

A-B= 4Bcos(8) (4.1)

Where 4=/ A| and B =|B| represent the magnitude of Aand B respectively.
The dot product can be positive, zero, or negative, depending on the value of
cos@ . The dot product 1s always a scalar quantity.

The angle formed by two vectors 1s therefore
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The magnitude of a vector A is given by the square root of the dot product of the vector
A with itself

=(A-A)" (4.3)

We can give a geometric interpretation to the dot product by writing the definition as
A -B=(Acos(9) B (4.4

In this formulation, the term Acos@ is the projection of the vector B in the direction of

the vector B . This projection 1s shown in Figure 4.2(a). So the dot product 1s the product
of the projection of the length of A in the direction of B with the length of B . Note that
we could also write the dot product as

A B = A(Bcos(d) (4.5)

Now the term Bcos() is the projection of the vector B in the direction of the vector A
as shown in Figure 4.2(b). From this perspective, the dot product is the product of the
projection of the length of B in the direction of A with the length of A .

B

Hoosd J A

Figure 4.2(a) and 4.2(b) Projection of vectors and the dot product.

From our defimition of the dot product we see that the dot product of two vectors that are
perpendicular to each other 1s zero since the angle between the vectors 1s /2 and

cos(m/2)=0.

We can calculate the dot product between two vectors in a Cartesian coordinates system
as follows. Consider two vectors A = A i+ A i+ A k and B= B i+ B i+ 5 k
Recall that
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The dot product between A and B is then
AB=4B +4B +48B (4.7)

The time derivative of the dot product of two vectors 15 given by
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In particular when A =B, then the time derivative of the square of the magnitude of the
vector A 15 given by
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4.2 Kinetic Energy and the Dot Product

For an object undergoing three-dimensional motion, the velocity of the object in
Cartesian components 13 given by v =1fj+ F_j+1='=£1- Recall that the magnitude of a
vector 1s given by the square root fo the dot product of the vector with itself,

AE|‘1|E{_1 AY?=(4+ 4+ £)7 (4.10)
Therefore the square of the magnitude of the velocity 1s given by the expression
V(R =vi 41 407 (4.11)

Hence the kinetic energy of the object 1s given by

Kz%m(?-?}z%m{mf+vf+vf} (4.12)



