60 [Noe. 1,

Estimation of the Second-order Intensities of a
Bivariate Stationary Point Process

By DaviD R. BRILLINGER

The University of California, Berkeley
[Received October 1974, Final revision May 1975]

SUMMARY

We consider histogram and smoothed histogram type estimates of the auto and
cross intensity functions of a bivariate stationarv point process. The asvmptotic
distributions are found to be multiples of Poissons in the histogram case and linear
combinations of Poissons in the smoothed case. These asymptotic distributions
suggest the plotting of the square roots of the estimates in order to stabilize the
variance and to make the distributions more nearly normal. Two examples of such

plots are presented in the paper.
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1. INTRODUCTION
Ler {N{t), Nolr)}, —x<i¢<m, be a bivariate stationary point process with N(f) being the
number of events of Type 1 that occurred in the time interval (0,¢] and Ny(r) the number of

events of Type 2 in the same interval. Suppose that the process is orderly in the sense that
there 1s zero probability that events occur simultaneously. The intensity of events of type a

is defined by

Po=lmPritvpe a event in (t, 1+ h]}/h {1.1)
hio

for a=1,2. The existence of the limit (1.1) was shown by Khintchine (1960). Korolyuk
showed that, with orderliness,

E{dN (1} = p, dt (1.2)
(see Khintchine, 1960). The second-order product density function of events of type a with
events of type b is defined by

Par(t) = lim Pr{type a eventin (t+u, 1 +u+ k)
hA 10

and type b event in (r,r + R’/ (RRDY)  (1.3)

fora,b=1,2 and u#0. The second-order intensity function of events of type a, given events
of type b, is defined by

M al1) = ‘!iim Pr{type a event in (f +u, 74+ u+ .I'a]| tvpe b at 1}/h

= Panlu)ipy (1.4)

for a,b=1,2 and u#0. In this paper we are concerned with large sample properties of
estimates of p (), m,(w) that have the form proposed in Griffith and Horn (1963), Cox (1965)
and Cox and Lewis (1972). We shall propose a modified form of these estimates and, in the
light of the large sample properties, recommend the application of a square root transformation.
MNumerous practical examples of estimates of the original form may be found in Bryant ef al.
(1973) for bivariate processes consisting of the input and output spike trains of nerve cells.
Two examples of the modified estimates are presented in this paper., Numerous additional
examples are given in a paper by Brillinger, Bryant and Segundo which is in preparation.
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Suppose that the process {N,(r), Ny(1)} is given for 0<¢<7, that is, the times at which
events occurred in the interval (0, T'] are known. Let the times of events of type a be 5,, 55, -..,
and the times of events of type & be f;,f,,.... Let B=>0 denote a scale parameter. Next, let
% {4} denote the number of elements in a set A. Then the estimates of p,(u) and m,(u),
considered in Cox and Lewis (1972), are based on the counting variate

JI(u) = #{(j, k) such that u—f<s;—1, <u+p and 5;7 #;}. (1.5)

JT.(u) counts the number of 4 events falling in a cell of bin width 28 and midpoint u time
units along from a b event. It is a histogram type statistic. Cox and Lewis (1972) show that

ut g
fiﬁ(u}i{r—u)j Panle) d
u-p

=28Tp (1) (1.6)
for large T, small B and moderate u, suggesting the estimates

Pap(u) = J 5, (u)/(2ET), ]
Higp(u) = J T () {ZEN(T )}

We shall determine the asymptotic distributions of these estimates under certain regularity
conditions. In addition we shall propose the use of the following modified estimates

B = pop(u)+|u| NJ(T) Ny(T) T3, }
1t (1) = g () + | u| N(T)/T?

for |u|<T. Under the regularity conditions mentioned, these appear to have better overall

mean-squared error properties. Their definition will be motivated in Section 3. In the case that

| ] is not large compared to T, there is little difference between the estimates of (1.7) and (1.8).
Their asymptotic distributions are the same.

(1.7)

(1.8)

2. THE AsYMPTOTIC DISTRIBUTIONS

Many random processes that occur in practice seem to satisfy some form of mixing
condition, that is, functionals of the process that are well separated in time are only weakly
dependent. We will make use of the following condition of that character.

Definition. A stationary bivariate process {N(r), No(t)}, —oo<r<er, 1s called strong
mixing when

a(7) = sup {| P(4B)—P(4) P(B)|: Ac.#' ,, Be A= }~0 (2.1)

as r—»cc. Here P(-) denotes the probability measure of the process and .47 denotes the
o-algebra of events generated by events of the form

{Na(v)) = Ng () < hy, ooy Ny fvg) — Ny (ug)<h &h

where a;, = 1, 2; u<wu;, <, <v; hy is a non-negative integer fork=1,2,...,.Kand K= 1,2, ....
This condition appears in Volkonskii and Rozanov (1959) for example. We shall also
require that the second- to fourth-order moments of the process have the following forms:

E(dN (t+1) dNy(£)} = pad) dit d, ‘*
E{dN_ (t+u)dNy(t +v) dN(1)} = Papclu, v)dt dudv, ] (2.2)
E{dN,(t + 1) dNy(t + ) ANt + W) dN; (1)} = Papea(ts, v, w) dt dudi dw

fora,b,c,d = 1,2 and u, v, w,0 distinct. Finally, let P(u) denote a Poisson variate with mean p.
3
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Theorem 1. Let {Nj{1), Ny(t)}, —so<r<oo, be a stationary bivariate point process that is
strong mixing, «(7+u) = O{a(7)} as r—oc, and such that p_,(u), pa(u, v), Papcattt, v, w) of
(2.2) are finite and continuousfora, b,¢,d = 1,2. Thenforul —»uy, |ulf —ul|228, 1<k <k'< K
and 5= L/T, L constant, the variates J Ly m{u}" ), ...,.rg‘m(ug} are asymptotically independent
PR2Lp, o (i), k=1,..Kfora,,b,=1,2 as T—+o.

This result is proved in Section 4 of the paper assuming a direct variant of Theorem 1.3
of Volkonskii and Rozanov (1959). We may take K =1 and T = w, here, and so see that
JI(u) = P(2Lp (1)) for a,b=1,2. We have allowed the arguments ul to depend on T in
order to be able to handle the case of a number of bins in the neighbourhood of a given lag «.
The restriction on |uf —uT| means that the counting variates refer to distinct bins. In con-
nection with the estimates of pg, (1), m . (u) we have:

Corollary 1. Under the conditions of Theorem 1, g (1), g (u), given by (1.7), (1.8), are
asymptotically distributed as (2L)"1 P{2Lp_,(u)].

Corollary 2. Under the conditions of Theorem 1, m,(w), 1, (1), given by (1.7), (1.8), are
asymptotically distributed as (2L)~ p; 1 P{2Lp ., (1)}

Had we so desired, we could have considered collections of estimates, at lags ul, in the
manner of the theorem, here. The asymptotic distributions of the estimates of (1.7) are not
affected by the modification to (1.8) because of the convergence of the correction terms to
zero, in probability. In both cases, the variance of the asymptotic distribution is seen to
be proportional to the parameter being estimated. This occurrence suggests the application
of a square root transformation to the estimates. We will return to this comment in the next
section.

The estimates discussed here are histogram type estimates, involving a rectanpular
smoothing function. Cox (1965) remarks that one might want to consider other smoothing
functions. For example, we might base estimates on

5w I(u—2iB), 2.3)
F—

where X w; = 1. From Theorem 1, the asymptotic distribution of this variate is seen to be
that of 3 w; P, where the P; are independent P{2Lp,,(u)} variates. The mean of this asymptotic
distribution 1s 2Lp,(u). The variance is (3 w?) 2Lp_,(u), a result that again suggests a square
root transformation.

3. SoME FURTHER CONSIDERATIONS AND PrACTICAL EXAMPLES

The second-order product density, p,,(v), and the intensity function, mg,(x), both provide
measures of the degree of statistical dependence of increments of the process Ng(-) that are
u time units ahead of corresponding increments of the process Ny(-). In the case that these

increments are independent, p.,(4) = p,py and m,, () = p,. In the case that the process 1s
stong mixing

E{dN (1 +u}dNy(1)} = E{dN, (1 +u)} E{dNy(1)} = O{a(u)} -0

as |u)—+ 2, see Volkonskii and Rozanov (1959) and so

Ilim Pap(tt) = p.p, and |11im Mgpltt) = pg. (3.1)
L= oD
This suggests that graphs of estimates of the functions p,,(+) or m,,(-) should also contain
estimates of the constant levels p, p, or p,, as the case may be.

The relations of (3.1) suggest the source of the estimates §,(u), i (u) of (1.8). For many
processes, the covariance, cov {dN,(f +u), dN,(t)} will be near 0 for large |u|. In the case of an
ordinary bivariate stationary process {X,(1), X,(1)} the covariance function

Cap(u) = cov { X (7+u), X,(t)}



