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Studied here are the subjecis of variation ol parameters and undeter-
mined coellicients [or linear [irst order dillerential equations.

Variation of Parameters

A particular solulion y;{::;] ol the non-homogeneous equation

(1) y' +p(z)y = r(z)

is given by equation (5) in 2.3, reproduced below in (2). Literature calls
il Lthe variation of parameters [ormula or the variation of constants
[ormula.

Theorem 4 (Variation of Parameters)
A particular solution of the differential equation 4’ + p(x)y = r(x) is given
by either of the formulas

(2) g (x) = & Jaa P f  elt)ed= P gy,

(3) yp(x) = o= J Pl f ?'{u:}ﬁf PlE)E g

Indefinite Integrals. The indelinite integral form (3) is used in sci-
ence and engineering applications. The answers (2) and (3) diller by a
solution of the homogeneous equation: y;f::n] = yplz) + yp(x) for some
choice ol the constant ¢ in y,. Bolh answers (2) and (3) are solutions
ol the nonhomogeneous dillerential equation, even though (2) generally
contains an exira term. While (2) satislies y(xg) = 0, (3) may nol.

Integrating Factor Formula. An inlegrating [actor for (1) is
Qlx) = I-:j piz)is

Formula (3) can be wriltten in terms of Q(x) as
(@) = 5o [ r@)QE@
Yplr) = =—— [ rlz)Q(x)dx.
= Qx)

: t i
Compact Formula. Because [, f = [[* [+ [} Sand [[° [ =— [T [,
the exponential [actors in (2) can be re-wrillen as

(4) ) = f " p(0)ede PN gy

Iy

The reader is warned thal using indeflinite integrals in (4) resulis in the
WIONE ANSWEer.
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Terminology. The name varalion of paramelers comes [rom Lhe idea
of varying the parameler ¢ in the homogeneous solution [ormula 4, =
ceIi(x), where R(x) = e~ | plx)dz. Historically, ¢ is replaced by an un-
known lunction yg(x), to define a trial solulion y(x) = yo(x)R(x) of (1).
A derivalion appears on page 98.

The Method of Undetermined Coelficients

The method applies Lo o + plx)y = r(x). Tt linds a particular solution
yp wilhoul the integration steps present in varialtion ol parameters. The
reqquirements and limitations:

1. Coefficient p(x) of ¥ + p(x)y = r(z) is constant.

2. The function r(z) is a sum of constants times atoms.

An atom is a Lerm having one of the [orms

i T e T i m . - e arE -
r e, 2 cosbr, £ sinbx, 7 ™ cosbxr or e sinbr.

The symbols a and b are real constanis, with b > 0. Symbol m = 0
is an integer. The lerms z*, xcos2z, sinz, e %, %™ are aloms.
Conversely, il r(x) = 4sinz + 5xe®, then split the sum into terms and
drop the coellicients 4 and 5 to identily atoms sinx and xze®; then r(x)

15 a sum ol constants Limes aloms.

The Method.

1. Repeatedly differentiate the atoms of +(x) until no new atoms ap-
pear. Multiply the distinct atoms so found by undetermined co-
efficients d;, ..., d, then add to define a trial solution 1.

2. Correction rule: if solution ¢ of 4 + py = () appears in trial
solution y, then replace in y matching atoms ™%, ze™™, by
re PE ple~PT  (other atoms appearing in y are unchanged).

r

The modified expression y is called the corrected trial solution.

3. Substitute y into the differential equation ¥’ + py = r(x). Match
coefhicients of atoms left and right to write out linear algebraic
equations for the undetermined coefficients oy, ..., .

4. Solve the equations. The tnal solution y with evaluated coefhicients
dy, ..., dp becomes the particular solution .

Undetermined Coeflicients Mlustrated. We will solve

y + 2y =xe” 4+ 22+ 1+ 3sin.
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Solution:

Test Applicability. The right side r(x) — ze* + 2z + 1 + 3sinr is a sum of
terms constructed from the atoms xe™, z, 1, sinx. The left side is y' + p(x)y
with p(z) — 2, a constant. Therefore, the method of undetermined coefficients
applies to find ;.

Trial Solution. The atoms of r(z) are subjected to differentiation. The dis-
tinct atoms so found are 1, x, €, xe®, cosz, sinx (split terms and drop coef-
ficients to identify new atoms). Because the solution 2% of ¥ + 2y — 0 does
not appear in the list of atoms, then the correction rule does not apply. The
corrected trial solution is the expression

y — dqy(1) + da(x) + d3(e™) + di(xe™) + ds(cos x) + dg(sin ).

Equations. To substitute the trial solution y into v + 2y requires a formula
for "
Yy — dy + dye™ + dyre™ + dge™ — dssinz + dg cos T,

Then
riz) =y +2y
— dy + dye™ + dyre® + dye™ — de sinT + dg cos T
+ 2dy 4+ 2dox + 2dze™ 4+ 2dyre™ + 2ds cosx + 2dgsin T
= (dz + 2dy)(1) + 2d2(z) + (3ds + da)(e™) + (3dy ) (ze”)
+ (2ds + dg)(cos x) + (2dg — ds ) (sin x)
Also, r(z) = 1 + 2¢ + xe® + 3sinz. Coetlicients of atoms on the left and right

must match. For instance, constant term ds + 2d; in the expansion of y' + 2y
matches constant term 1 in r(x). Writing out the matches gives the equations

2y +  da =1,
iy = 3,
Jdy +  dy — 1,

Solve. The first four equations can be solved by back-substitution to give
dy — 1, dy — 0, dy — 1/3, dy — —1/9. The last two equations are solved

by elimination or Cramer’s rule (reviewed in Chapter 3) to give dg — 6/5,
ds — —3/5.
Report y,. The trial solution y with evaluated coefhcients dy, ..., dg becomes
| | 3 G
YplZ) = T — ﬁﬁ"r + ﬁ:|':u|=.I — § COST + £ sin T.

A Correction Rule IMustration. Solve the equation

i + 3y = 8e® + Jxle



