Section 1.6 One to one fonctions, Inverse functions and Logarithms

Recall the definthion of a function: "To each x there is assigned exactly one y".
A function 1z called one to one 1ff " Exactly one x 13 aszsigned to each v". (It must be a
function first)

Examples: fix}=nx +b i m=0, glx) - -..";._ hix})=x" are all one to one.
Example:

One function which is not one to one is y - x* . Each non-zero y-value iz assigned to two
x-values.

When a function. f 13 one to one, we can always vniquely answer "If f{a)=b and we know
b, what 15 a7" becanse b was assigned to exactly one a. For example if fix)=2x and
fix) =T then what 15 x7 x=72. If g(x)=4x-5 and g{x)= 19 then x=6.

For the examples:

FX)mPmm +F X=m=—

E(X)mFmax X=y

1 T
R(X) =¥ =x X=gl¥

Inversze functions: In the above examples, if we switch places with x and y, we have the
inverse functions.

Inverze function
¥—>8 x—5
flx)m Ymmxr +F X=- Y-
M ™
Ex)=F=ofr x=3° o=
R(X) = ¥ =X .'I:—':;"I; }'-:."I

The notation for the inverse funchon to fix) 13 .
This 15 zimilar to the notation for multiplicative inverses but should not be confused.

Ex. If fi) = 2x then the inverse fonction is £~ (x)= —x=2"'x.

This iz not the same as (Fix) ' = (2x)7 - !

Ix
When the exponent -1 i1s on a number, 1t means the multiplicative inverse. When it 15 on
the name of the function, such as f it means the mverse funchon.

1

Ex kix)=x" m(2}=8 " '(B)=2 ({8 " - (873 _(511}"_511

An important fact to remember: /7™ (x))=xand £ (fix) - x



Ex For iix)=x° & 'ix)=ifx =0

Rk~ () = x) - x
N e
B (Ax) =¥x =x

The graph of 7~'(x)1s a reflection across the line v = x of the graph of //

You can see this in vour calculator by graphing Y1 =#%), Y2=xand Y3= s~ (x
for each of the examples above.

The domain of fis the range of ¢~ and the rangbe of £ is the domain of 77 .

Logarithms: For any positive b, f(x) - 3" 13 a one to one fonction So it has an inverse
function and the inverse iz called loz, x , the logarithm base b of x.

When 5=10, we write log x. Whenever & 1z not given in the logarithm_ assnme 5=10.
When b=¢, we write lnx. Inx 1z called the natural logarithm.

The logarithm is the exponent we raise 5 to zo that power of & will be x.

The domain of log,x & (0,=). That 1z, x must be posihive.

Examples:

log100=2, becavse 10 - 100 . {The base is not given so it 1= 10 and the Znd power of 10 iz
100.)

g, 4 =2 becaue 17 -4 g ;0 =2 because 3° -0
oz 4 8 =3 2° =8 Iog 27 =3 3 =27
log , 16 = 4 24 - 16 log .8l = 4 3* -8

Since exponential grow rapidly for =1, sometimes logarithmic scales are nsed.
Example: The nichier zcale which measure earthquakes 1z log basze 10 scale.

If the value on the richter scale increazes by cne then the magmtude of the earthquake 1s
10 imes as great. An earthquake which measures 6 on the richter scale 1z 100 times as
strong as one that measores 4.

The pH of a solution 1z —leg &7 where 7 is the hydrogen 10n concentration.
If the pH increases by 1, then 7 iz 1/10th as much.

Laws of Logarithms:
Thesze follow from exponent laws.

-H I. J.
log (MY }=log;, M +1oz . N luge?—lngb.'ld’—lngb.’f luge'._.'l{'_J-'.rluge_‘Lf

Note:
There 13 no rule for (leg , M) . Use parenthezes where needed to avoid confusion.

The loganithm of an exponential function 13 linear: Infab*)=Ina<+xhb



Use loganthms when you need to solve for an exponent.

Example: If any amount of money 1s invested at 7% annwval mterest compounded
continuously, how long will 1t take to double the original amount?

Ai) = Pe "' To double this we solve Pe "' 2P 30 #''* =2
Since the unknown 1z 1n the exponent, we take In of both sided to get

A7 1 In 2
Ine -1n 2 07t =In2 I—FHIU}'WE

In2 .
where r 15 the

:|.I

In general the doubling time for continuous compound interest 13

mnterezt rate az a decimal.

Example: Wirite as a single loganthm and evaluate without a calculator,
3log , 48 —log , {6 ). First bring down the exponent of 3 from the 6. Then

43
ilnginiﬂ—!l-:-g_.ﬁ-3[lngi4ﬂ—lngiﬁ]-3lng_:?-Elng_.E-S'

Solve for x: a) log .(x~ -1) =3

Solution: 3 isthe exponent of 2 sothat x* -1=2" =8 1" =@ x=3or xa=-3

b) log s (x + 1) + log »{x - 1) = 3 Using the sum of logs rule, we have
log ,(x~ —1)=3. 30 we know x=3 or x= -3 buf now x= -3 cannot be substituted in the
original expressions so x=3 13 the only solution.



