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Abstract

Modular monadis semanifes is a high-level and modular form of denotational semantics.
It & capable of capluring individual programming language lealures as small building
blocks which can be combined Lo form a programming language of arbitrary complexity.
Interaciions between featlures are solated in such a way Lhal the building blocks are in-
variamt. This paper explores Lthe theory and application of modular monadic semantics,
incleding Lhe building blocks [or individual programming language [eatures, equational
reasoning wikh laws and axioms, modular prools, program Lransformation, medular in-
Lterprebers, and semantics-direcied compilation. We demonstrale thal modular monadic
semantics makes programming languages casier Lo specily, reason about, and implement
than the alternative of wsing conventional denotational semantics.

Chr contributions includes (a) the design of a lully moduolar interpreter based on monad

transformers, including important features missing (rom several carlier elforws, (b) a method
Lo lift monad operations Lhrough monad Lransformers, including diMeult cases nod achieved

in earler work, (c) a study of Lhe semantic implications of the order of monad transformer
composition, {(d) a lormal theory of modular monadic semantics that justilles our choios
of liftings based on a nodion of naturalivy, and (o] an implementation of our inberpreter in
yofer, whose constructor classes provide just Lhe added power over Haskell type classes
Lo allow precise and convenienl expression of our ideas.

A nole Lo reviewers: Lhis paper i rather long. Shorl of resorting Lo “Part 1/ Part 117,
Lhe one way we see Lo shorben it would be Lo remove Section 4 and ils Appendix B, which
would amount Lo eliminating contribution (&) above. "T'his would shorien Lhe paper by
about 12 papges.

1 Introduction

1.1 Overview

Ienodational somantics (Stoy, 1977) s among the most important developments in pro-
gramming language Lheory. 1L gives a precise mathematical description of programming
languages, useful in designing and implementing languages as well as reasoning aboul
programs. For example, advanees in denolational semanties have led w clarifleations of
feabures, Lo more consisbent programming language design, and Lo new programming coq-
ALI LS.

It has long been recognized, however, thal wraditional denclational semamntics lacks
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moddularity and extensibility (Mosses, 1984) (Lee, 1989). This is regarded as a major
obstacls in applying denotational semantics o realistic programming languages.

In Lhis paper, we take advantage of a new development in programming language
theory—a monadie approach (Moggi, 19907 w structured denotational semantics. “The
resulting modulor monadies semandics achioves a high level of moedulaniiy amd extensibil-
ity. It is able Lo capture individeal programming language features in reusable building
blocks, and Lo specily programming languages by composing Lthe necessary [ealures.

Becase modular monadic semantics 15 no more Lthan a stroctured denolational se-
mantics, standard equational reasoning meithods still apply. In addition, we show Lhat
modular monadie semantics lurther fAcilitates reasoning by allowing us Lo specily axioms
of programming language features and o constrect reasable modalar proods.

Modular monadie semantics can be implementied wsing modern programming langeages
such as Haskell {Hudak e al., 1952, ML (Milner & al., 1990), or Scheme {Clinger & Hees,
1991). The result is a modular interpreter. We have discovered, however, Lhal the relatively
new idea of conetrucior clasees in Goder (and Haskedl 1.3) are partieularly suitable for
representing some rather complex Lyping relationships in modular inderpreders, and thus we
choose Gaoler [or the inlerpreter deseribed in Section 4. Our work 15 also direcily applicable
Lo semantics—direcled compiler construcltion, and we present a compilation method based
on monadic semantics and monadie program ransformations.

Hefore introducing modular monadie semantics, in the next section we give an example
o demonsirate the lack of modularily in traditional denotational semaniics. The pro-
semlation follows Lthe traditional denotational semantics siyle, angmented with a Lypes

declaration syntax similar Lo that of Haskell or ML, We assume Lhe reader has basic
Enow ledge of denotalional semantics and unctional programming.

1.2 The Lack of Modularity in Denolational Semaniics

Lol us first look al the denctational semantics of a simple arthmetic language:

K Term — VFalue

Elmn] n
Kles + eq] Elei] + Elez]

INenotational semantics maps ferme in Lhe source language inlo wafues in the meda
language. The source language torms are enchosed in %] |7, The = and + symbols on
the right hand side correspond Lo the meta language concepls of a number and the add
ariLhmelic operalion.

An important measure of modularity is how a semantie descriplion can be exbended
Lo incorporale new programming language features. For example, il we extend the source
language with variables and [unciions, we nead Lo introduce an environment—a mapping
from variable names Lo values

K Term— Fnr— VFolue

K|n} Ap.n
Kler + ea] Ap.Eler]p + Elez]p
K] Ap. gl

Mote Lhat even though numbens are independent of the environment, we must change
the semantics of numbers Lo accommodate Lhe newly introdeced environment argumentd.

Similarly, the environment argument must be passed rocursively Lo Lhe subexpressions of
@1 -+ ez, even Lhough Lhe arithmedic operation isell s independent of the enyvironment.

Il we lurther add continuations to owr semantics (for supporting, for example, the
sequencing operator 7 ), we must change the semantics of numbers onee again:



Modwlar Monadic Setnantics 3
Kz Term — Ene— ( Value — An2) — Ane

Eln] Ap. Ak kn
Eles + eq] Ap. Ak Eley|p{ A Klealp{ A1.k(1 + 7)))
Ele:; ez Ap. Ak Ele |pl Ax. E]ez] pk)

In summary, we must make global changes W the traditional denolational semantics in
order Lo add new features into the souree language. This lack of modularily of denolational
semantics has long bean recognived (Mosses, 1984) (Lee, 19897, and is regarded by many as
Lhe most signifllcant obstacle in applying denodational semanties o realistic programming
languages.

1.3 Monadz to the Rescue

Consider now a Lype constrsctor M and two lanebions:

el o a— Ma
hind : Ma—-(ga—Mb—-M©b

The intuitive meanings of Lhese operations are as lollows

o M ais a compulaiion returning a value of Lype a.

» Mnd oy (Avoeg) is a computation thal first compates ey, binds Che result wo v, and Lhen
COMPAILES 3.

& melun v i a lrivial computation Lhat simply reburns © as resull.

With these operations we can rewrile Lthe semantics [or arithmetic expressions as [ollows:

E : Term— M Value
Kln| TElUIm N
Ele1 + ea bind (Kled])
(At bind [ E]ez])
(Af. retumn (£ + 7))

Nole now Lhat Lhe semantic function B maps Lerms o compaletions (ol orpe M Value).
The above equations can be read: “the semantics of Kjn] is a vrivial computation Lhat
redurns 1oas resull; the semamtics of Kleg £ #2| B a computation vhal computes e |,
binds the resull Lo 1, compules Kez)], binds the result o 7, and Anally returns € ¢ 3.7

We call this a poromelerized semandics becapse, depending on how we instantiale M,
reiurn and bind we gel dillerent conerede semantics. For example, Figure 1 shows how the
ariLhmetic semantics can be instantiated o the wrivial and environment-based somantics
deseribed earlier. To give meaning Lo variables in Lhe context of the environment- based
semantics, wo simply add the equation:

E] bind {rdFna)
(Ag. returmplv]))

where rdfmy (dellned in a later soction) is a computation that reifles the environment. "The
key poinl here i Lhatl the previous equations did nol need Lo be aliered. In a similar way, we
show later Lhal appropriate delinitions of M, reiwrn and dind can yvield the contineation-
based semantics discus=sod carlier, as woll as several olher important somantics Lo support
other programming language fealures.

The Lype constructor M, togedher with Lthe two [unclions return and dind, are called
a momad, and a parameterised semantics wsing monads i called & monedie semandies. A
monadie semantics can be instantiated wsing different underfying monade. In general, Lo
add a now [eaLure w a monadic ssmanties, we only need Lo add a semantiec descriplion
of Lthe new leature and change Uhe underlying monad, bul no changes are required of the
semantic descriptions of the axisting fealures.



