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Today in Physics 217: separation of variables

O Introducton to the
method, in Cartesian
coordinates. by

O Example solution for the

P

arbitrary W at the = Lim
bottom, in which we Vi ,,f’f'
introduce teeo common R

features af ceparation =
solubions
* Completeness and
arthosomnality of sines
* Fourier s trck

Introduction to separation of variables

O If the method of i can't be used on a problem you
rruast sobve that illl:fl‘-:i- canductors, the next thine to oy
iz direct solution of the Laplace equation, subject to
boundary conditions on V and/ or 81/ 8.

O Separation of variables iz the =aziest direct solubon
techrmigue. It works bect with conductors for which the
surfaces are well behaved [planes, spheres, cylinders, k).

Hete's how it works, in Cartedan coardinat=z. in which the
Laplare equation ic

T -

1 .311.«'+ #

aat Byt &
which can’t be inbeerated directly like the 1-D cags.
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Introduchion to separation of variables (continued)

Cansider solubions of the form
Vis.y. z)=Xx)Y(v)Z(z)

Then, the Laplace aquation iz
'fzil—}f—xzﬂ—m*ﬁ-n
du* dy* dz*
or, dividing wough by XYZ,
ldzz+l.£1‘;*_1ilz_u
XEdd Yy Zdd

’ jl-'l'_:t::l+5|':!||:|—i|!|:.ﬂ:|— 0
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Iniroduction to separation of variables (continued)

The only way for this to be true for all x,y = & for each term
to be 2 constant, and for the thres corstants to add up o s=ro:
I z 2z
AdX 13y AdZ  hrB(A+E)=O
XEdst ¥ n"_!i.-" £ dz* ‘ :

S this iz a way to trade one partial differential equation for
thres crdinary differenbial sqguations, which can oftan e

sohred much mors easih
1 I
Lic S i_lll’_ﬂ_u 22 (A+E)Z=b
dx dz”
Ery - —r g 217, Fuld 20T :

Iniroduction to separation of variables (continued)

MNaothing suarantess that 17 will alweays factor into functions
of x, 4. ::E:.:l-:n-_lnf::l:. there are certainly many solubons
ko the Laplace sguation that are not of this foro. However,
[ there are plenty of el=ctrostatic problems for which the
boundary conditions are specified on well-behared
=IIli.:ln.l:.l:.:.l:=|:,. and do barn ouk ko have solubions of bhis form,
O the solubons to electrostatics F-:lhl-mu-mmﬁq'u:_. so if
separation of variables vields 2 solubion at all it's
=uarante=d to be the correct ane.
tion of variables is also a very useful PDE solution
technique in guaniturn mechanics, where one finds many
problems in which the boundary condibions ars cpecifiad on
ramular, weell-behaved curfacss.

EHE- = T R Foegma 210 Fel 2RI

Example: the infinite slot

Griffiths, example 3.3 Two

plates his parallel to the x-=

plan=, one at ¢ =0, the other

aty=a. f;['tﬂ'l.d,.ill'.'!'=u_.

5 cloped off with an infindte

strip insulated from the tweo

plates and maintaimed ata

specified pot=nbial Viy]. e -

Fird the ! ﬁ i E'EI:I'I:I.-:!I‘LE.‘I:I:I.'.‘EEI:IIL&I.II:hILE

ot plates:
Zm—m—3x rell—=m y=0a4
Bottom of the clok plate

Ia z dependence, zo neolated Eoon U other

VeVixyl tora, with V =15 (y).
FHE— = L P i Pl 2200 =
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The infinite slot (continued)
By o3 2
T;v_alera W;r_a v 3 1;+.31v
st By A& & A
Suppase V{x. y =X ()Y (y): then

-

I z
Tn‘.{i_ﬁd_‘.:’_ﬂ o 1 d°K idY_D 2
dt dy' e
oI
I 2
e Et 4Y kv -0
dx* A

We choss £ rather than, say, A, to indicate that thiz constant
Emn—n:,;:hre and that the other ome | —k%) is non-positive.
Why? We'll see in 2 mrinabe.

EHE- = T R Fegma 210 Fell SEIT

The infinite slot (continued)

Boundary conditiores:
1. Valasx—m (mierence point at infmity)
1L Velaty=0
d Velaty=ag
4 Valily)atzx=0

Solutions: It turmns ouk that vou koow equations I and IT very
wrell fram MTH 165. But the means by wrhich they're sobeed is

koo uesful to forget so Tl rewvind you, first, with I

The infinite slot (continued)

Let o= dX/dx, and multiply through bvro = dX/dx:

d . dE
__j:‘-_E'_
g o=

Intezrate over a ’F[{FH- kE rHE’E
+&

E'_-EH

i i

Here both X and 43 dx st be zero forall s st y=0 and g, 50
the canstant & =0

%—Em —-kX
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