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II.4 Surface Simplification

In applications it is often necessary to simplify the data or its representation.
One reason s measurement noise, which we would like to eliminate, another

are features, which we look for at varous levels of resolution. In this section,
we study edge contractions wsed in simplifying triangulated surface models of
solid shapes.

Edge contraction. Suppose K is a triangulation of a 2-manifold without
boundary. We recall this means that edges are shared by pairs and vertices by
rings of triangles, as depicted in Figure [1.9. Let a and b be two vertices and
ab the connecting edge in K. By the contraction of ab we mean the operation
that identifies a with b and removes duplicates from the triangulation. Calling
the new vertex ¢, we get the new triangulation L from K by

e removing ab, abr, and aby;

e substituting ¢ for a and for b wherever they occur in the remaining set of
vertices, edges, and triangles;

e removing resulting duplications making sure L is a set.

As a consequence of the operation, there are new incidences between edges and
triangles that did not exist in K'; see Figure 11.9.

Figure I1.9: To contract ab we remove the two dark triangles and repair the hole by
gluing their two left edges to their two right edges.

Algorithm. To simplify a triangulation, we iterate the edge contraction op-
eration. In the abstract setting any edge iz as good as any other. In a practical
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gituation, we will want to prioritize the edges so that contractions that preserve
the shape of the manifold are preferred. To give meaning to this statement,
we will define shape to mean the topological type of the surface as well as
the geometric form we get when we embed the triangulation in B*. We will
discuss the latter meaning later and for now assume we have a function that
asgigns to each edge ab a real mumber ERROR(ab) assessing the damage the
contraction of ab causes to the geometric form. Small non-negative numbers
will mean little damage. To write the algorithm, we assume a priority quene
stores all edges ordered by the mentioned nmumerical error assessment. The pro-
cedure MINEXTRACT removes the edge with minimum error from the priority
quene and returns it. Furthermore, we assume the availability of a boolean test
ISSAFE that decides whether or not the contraction of an edge preserves the
topological type of the surface.

while priority queue 15 non-empty do
ab = MINExXTRACT;
if 185AFE(ab) then contract ab endif
endwhile.

Some modifications are necessary to recognize edges that no longer belong to
the trianpulation and to put edges back into the priority queue when they
become safe for contraction. Details are omitted. The running time of the al-
gorithm depends on the size of local neighborhoods in the triangulation and on
the data structure we maintain to represent it. Under reasonable assumptions
the most time-consuming step is the maintenance of the priority queune, which
for each step is only logarithmic in the number of edges.

Topological type. We now consider the question whether or not the con-
traction of an edge preserves the topological type. Dehne the bink of an edge
ab as the set of vertices that span triangles with ab, and the link of a vertex
a as the set of vertices that span edges with a and the set of edges that span
triangles with a,

Lkab = {xe K |abre K};
Lka = {z,rye K |ar,aryc K}.

Since the topological type of K is that of a 2-manifold without boundary, each
edge link is a pair of vertices and each vertex link iz a closed curve made of

edges and vertices in K. Let L be obtained from K by contracting the edge ab.
We slightly abuse lanpuage by blurring the difference between a triangulation
and the topological space it triangulates.
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Link ConnpiTion LEMMA. The triangulations K and L have the same topo-
logical type iff Lkab = Lkan Lkb.

In other words, the topological type is preserved iff the links of a and b intersect
in exactly two pointz, namely the vertices ¢ and g in the link of ab, as in Figure
I1.9.

Proor. We have Lkab C Lka, Lk b, by definition. The only possible violation
to the link condition is therefore an extra edge or vertex in the intersection
of vertex links. If Lka and Lkb share an edge then the contraction of ab
creates a triangle sticking out of the surface, contradicting that L trianpulates
a 2-manifold. Similarly, if the two vertex links share a vertex z ¢ Lkab then
the contraction of ab creates an edge ¢z that belongs to four triangles, again
contradicting that L triangulates a 2-manifold.

Figure 11.10: Mapping the neighborhood of ¢ in L to a triangulated polygon and
overlaying it with a similar mapping of the neighborhoods of @ and b in K.

To prove the other direction, we draw the link of ¢ in L as a convex polygon in
B?: see Figure IL10. Using Tutte’s Theorem from Chapter 1, we can decompose
the polygon by drawing the triangles incident to ¢ in L. Similarly, we can
decompose the polygon by drawing the triangles incident to 2 or b in K. We
superimpose the two triangulations and refine to get a new triangulation, if
necessary. Lhe result is mapped back to K and to L, effectively refining the
neighborhoods of 2 and b in K and that of ¢ in L. The link of ¢ and everything
outzide that link iz untouched by the contraction. Hence on an outside the
link K and L are the same and inside the ink K and L are now isomorphic

by refinement. It follows that K and L are isomorphic and therefore have the
same topological type.



