CSCI 570 - Fall 2021 - HW 6 - Solution

(Graded Problems

For the grade problems, yvou must provide the solution in the form of
pseudo-code and also give an analysis on Cthe running time complexity.

Problem 1

[10 poiots| Suppose you have a rod of length V) and yon want to cut up the
rid and sell the pieoses 1o a way that maximizes the total amount of money yon
pet. A piece of length @ s worth g dollacs. Deviese a Dynamic Programming
alpornithm to determone the masamuom amount of money yon can pet by cutting
the rod stratesically and scelling the cut ploces.

Solution: At cach remaming length of the rod, we can choose to cut the
rodd at any point, and obtain points for one of the cot pleces and recursavely
compute the meaeamum points we can get for the other prlece. It s also possible
to recursively attempt to obtain the maedmum valoee for both ploces after the
ent, but that roguires adding an extra chock o see if the walue obtained by
selling a rod of this length s more than roearsvely cutting it up.

The bottom-up peeudo-code to obtain the maxiomm amount of money 1=

Alporithm 1 Bottom-Up-Cut-Rod(p, n)

Lot v, .., n] be a new array
r[(] =0
for 7 = | ton do

if o0

forz = | to y do
g = max{q,plE] + r[7 1)
end for
end for

return rinf

The: time complexity of this alporithm is 0(n) becanse of the double nested
for loop.
Rubric:

& O points for & correct dynamic programming solution



e 3 puints if the solution runs in §(n*)

o 2 points for providing analyses of rontime complexaity

Problem 2

[10 points] Tommy and Broiny are playing a turn-based game together. This
game involves N marbles placed in s row. The marbles are nnmbered 1 to &
from the left to the nght. Marble @ has a positive value gy, On o each player’™s
turn, they can remove cither the leftmoest marble or the nghtmost marble from
the row and recervwe points eqgual to the sum of the remaaning marbles” valoes
the row. The winner 1s the one with the higher score when there are no marbles
left to remmowve.

Tommy always goes est 1o thas game. Both players wish to macamise ther
seore by the cnd of the gaone.

Assmming that both plavers play optimally, devise 2 Dynamic Propram-
ming alporithm to return the difference in Tommy and Broiny’s score once the
game has been played for any given input.

Your algorithm must run in O{N#) time.

Solution:

We first caleulate a prebhx sum for the marbles array. This enables us to find
the sum of & continuons range of values in 1) time.

If we havve an array like this: [5,3, 1,4, 2], then our prefix sum areay would be
[0, 5,8,9, 13, 15].

Onee we've done that, we can define OPT(i, j) as the maximum differenes in
seore achievable by the playver whose turn 1t & to play, given that the marbles
from index i to j (inclusive) remain.

The peendo-code for this alporithm, assuming Hindexed arcas, 1s:

Alporithm 2 Max-Difference-Scorcs marbles)

Lot m be the length of the marbles array

Lot pre fiz_sum be the caleulated profix sum array for the array marbles
[takes 0(r) time]

Lot QPT(0, .., 0], .., [0, ..., 0]] b & new re e array, with valoes initialized to ()

fori:=n 2to0do
for 3 =2 | lton |1do
seoretf_take s = pre fiec_suwmg 1 preforosumg g OPT 1
seoretf_take_j = prefec_swmy o preficsung QP74 9
OPT; = max(scoreif_take i, seoreif_take_j)
end for
end for
return O Ty,




The time complexity of this algorithm s (n®) if & prefix sum array is cal-
enlated initially due to there being no+ 1 subproblems to calealate.
Rubric:

s B puints for & correct dynamice programming solution

s 2 points for providing analysis of runtime complexity

Problem 3

[10 points] The Trojan Band consisting of n band members hurdes to lined up
mn & straight line to start & march. But since band members are not positionaoed
b height the line is looking very messy. The band leader wants to pall out the
minimum murnber of band members that will caose the line to be ina formation
(the remaining band members will stay in the line in the sane order as they
woere before). The formation refers to an ordering of band members such that
thoir heaghts satisfy ry < < o<y > o0 > rp, where | < 2 <
For example, if the heights (in inches) are given as

i = (67,65,72, 75,73, 70, 70, 68)

the minimm mumber of band members to pull out to make a formation will be
2, resulting in the following formation:

(67,72, 75,73, T0, 68)

Give an alporithm to find the minimom oomber of band members to pall
out of the line.

Mote: you do not neod o find the actual formation. You only need to find
the minmimum mumber of band members to pull out of the line, bot you peed to
find this minimmm omumber in ({n®) time.

For this question, you must write your algorithm using pseado-code.

Solution: This problem performs a Longest  Inercasing  Subscqguencoe
operation twice. Ooee from left to nght and onee agaan, but from right to left.
Omiexe wie haove the values for the longest subseoguence we can make after we 7 pull
out” a fow band members, we can iterate over the array and determine what
minimum munber of pull-outs will canse our line of band members to satisfy
the height order reguircments,

Lat t'”"']"gtft[-i]l be maximum length of the line to the left of band moember :
(including 1) which can be put in order of increasing height (by pulling out some
members) Note: the problem is symmetric, so we can Hip the arcay 12 and find
the same values from the other direction. Let’s call those values O Trighe (1).



