Homework 6
Solutions

Problem 1

The homogeneous differential equation

iﬂy” _I_Eyr —y= 0

has general solution
y(t) = At + B/i

where A and B are arbitrary constants. Find a particular solution of the non-homogeneous equation
By ity —y=t

|Hint: use variation of parameters, and be sure to account for the fact that the coeflicient of y” is not 1.

Solution Divide by t:
yrr 4 E_Iy' s E—Ey _ E_l i _.IF
Wronskian: with y; = ¢ and yg — 71,
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Problem 2

(a) Sketch the direction held for the antonomous system

Then sketch the trajectory for initial value (x, y) = (1, 0).

(b) Does the trajectory return to the initial value? To decide, calculate the time derivative " of
g = 292 4 y:}

Then sketch the isolines of g and try to answer the question.
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Solution (a)

(b) The computer-generated direction field above suggests the trajectories spiral away from the origin. But
diagrams can be misleading.

g = (222 +4°) =422’ + 2y = —dzy + dyr =0
That means g is constant along each trajectory. The curves of constant g are ellipses
y =3+ C — 272

(for constants C' = 222 __ > () which are closed curves. So the trajectories return to the initial value.

Problem 3

Given the higher-order equation
"+ 3"+ =0
Since there are up to three derivatives, we introduce the new variables
w=zx , = , w=z" , y=z"

This is unnecessary (the recommended way is to use yo, y1, y2, but not ys), but can be carried out. Find the
correct right-hand side for
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using only g, ..., ya, without derivatives.

Solution Differentiate the equation once to obtain

" +3x" +2' =0
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